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3.8. TEMPORARY ION ASSOCIATION IN AN ELECTROLYTIC 
SOLUTION: FORMATION OF PAIRS, TRIPLETS, ETC. 

3.8.1. Positive and Negative Ions Can Stick Together: lon-Pair 
Formation 

The Debye-Hlickel model assumed the ions to be in almost random 
thermal notions and therefore in almost random positions. The slight 
deviation from randomness was pictured as giving rise to an ionic cloud 
around a given ion, a positive ion (of charge +zeo) being surrounded by 
a cloud of excess negative charge (- zeo). However, the possibility was 
not considered that some negative ions in the cloud would get sufficiently 
close to the central positive ion in the course of their quasi-random solution 
movements so that their thermal translational energy would not be sufficient 
for them to continue their independent movements in the solution. Bjerrum 
suggested that a pair of oppositely charged ions may get trapped in each 
other's coulombic field. An iOI1 pair may be formed. 

The ions of the pair together form an ionic dipole on which the net 
charge is zero. Within the ionic cloud, the locations of such uncharged ion 
pairs are completely random, since, being uncharged, they are not acted 
upon by the coulombic field of the central ion. Further, on the average, 
a certain fraction of the ions in the electrolytic solution will be stuck to
gether in the form of ion pairs. This fraction must now be evaluated. 

3.8.2. The Probability of Finding Oppositely Charged Ions near 
Each Other 

Consider a spherical shell of thickness dr and of radius r from a refer
ence positive ion (Fig. 3.41). The probability Pr that a negative ion is in 
the spherical shell is proportional, firstly, to the ratio of the volume 4nr2 dr 
of the shell to the total volume V of the solution; secondly, to the total 
number N_ of negative ions present; and, thirdly, to the Boltzmann factor 
exp( - U/kT), where U is the potential energy of a negative ion at a distance 
r from a cation, i.e., 

P = 4nr2 dr N - e-U/kT 
r V (3.122) 

Since N _/ V is the concentration 11_° of negative ions in the solution 
and 

U= (3.123) 
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Fig. 3.41. The probability P, of finding an 
ion of charge Leo in a dr-thick spherical 
shell of radius r around a reference ion of 
charge z +eo. 

A= 

(3.124) 

(3.125) 

(3.126) 

A similar equation is valid for the probability of finding a posItIve 
ion in a dr-thick shell at a radius r from a reference negative ion. Hence, 
in general, one may write for the probability of finding an i type of ion in 
a dr-thick spherical shell at a radius r from a reference ion k of opposite 
charge 

where 
2 A = zizJ.;eO 

ekT 

(3.127) 

(3.128) 

This probability of finding an ion of one type of charge near an ion 
of the opposite charge varies in an interesting way with distance (Fig. 3.42). 
For small values of r, the function Pr is dominated by eAI' rather than by r2, 

and, under these conditions, P r increases with decreasing r; for large values 
of r, eAlr ---+ 1 and P r increases with increasing r because the volume 4nr2 dr 
of the spherical shell increases as r2. It follows from these considerations 
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o r-

Fig. 3.42. The probability P, of finding an 
ion of one type of charge as a function of 

distance. 

that P, goes through a minimum for a particular, critical value of r. This 

conclusion may also be reached by computing the number of ions in a 
series of shells, each of an arbitrarily selected thickness of 0.1 A (Table 3.14). 

3.8.3. The Fraction of Ion Pairs, According to Bjerrum 

If one integrates P, between a lower and an upper limit, one gets the 
probability P, of finding a negative ion within a distance from the reference 
positive ion, defined by the limits. Now, for two oppositely charged ions 
to stick together to form an ion pair, it is necessary that they should be 
close enough for the coulombic attractive energy to overcome the thermal 
energy which scatters them apart. Let this "close-enough" distance be q. 

Then, one can say that an ion pair will form when the distance r between a 

TABLE 3.14 

Number of Ions in Spherical Shells at Various Distances 

Number of ions in shell x 1022 

r, A 
Of opposite charge Of like charge 

2 1.7711; 0.00111; 
2.5 1.3711; 0.00511; 
3 1.2211; 0.0111; 
3.57 1.1811; 0.0211; 
4 1.2011; 0.0311; 
5 1.3111; 0.0811 ; 
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positive and negative ion becomes less than q. Thus, the probability of ion
pair formation is given by the integral of Pr between a lower limit of a, 
the closest distance of approach of ions, and an upper limit of q. 

Now, the probability of any particular event is the number of times 
that the particular event is expected to be observed divided by the total 
number of observations. Hence, the probability of ion-pair formation is 
the number of ions of species i which are associated into ion pairs divided 
by the total number of i ions, i.e., the probability of ion-pair formation is 
the fraction () of ions which are associated into ion pairs. Thus, 

(3.129) 

It is seen from Figure 3.43 that the integral in Eq. (3.129) is the area 
under the curve between the limits r = a and r = q. But it is obvious that, 
as r increases past the minimum, the integral becomes greater than unity. 
Since, however, () is a fraction, this means that the integral diverges. 

In this context, Bjerrum took the arbitrary step of cutting off the 
integral at the value of r = q corresponding to the minimum of the Pr 

versus r curve. This minimum can easily be shown (Appendix 3.4) to 
occur at 

A 
2 

(3.130) 

Bjerrum justified this step by arguing that it is only short-range 
coulombic interactions that lead to ion-pair formation and, further, when 
a pair of oppositely charged ions are situated at a distance apart of r > q, 
it is more appropriate to consider them free ions. 

8 

r=o r=q 

Fig. 3.43. The integral in Eq. (3.129) is 
the area under the curve between the limits 
, = a and, = q. 
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Bjerrum concluded, therefore, that ion-pair formation occurs when 
an ion of one type of charge, e.g., a negative ion, enters a sphere of radius q 
drawn around a reference ion of the opposite charge, e.g., a positive ion. 
But it is the ion-size parameter which defines the closest distance of ap
proach of a pair of ions. The Bjerrum hypothesis can therefore be stated 
as follows: If a < q, then ion-pair formation can occur; if a > q the ions 
remain free (Fig. 3.44). 

Now that the upper limit of the integral in Eq. (3.129) has been taken 
to be q = ).(2, the fraction of ion pairs is given by carrying out the inte
gration. It is 

For mathematical convenience, a new variable y is defined as 

I 
I 
I 

\ 
\ 

A 2q 
y=-=-

r r 

Ion-pair formation nat possible 

/ 
/ 

I 

\ 

\ 
\ 

/ 

I 

/' 
/' 

\ 

---

\( 
"-

/' 

/ 

"-
;' 

- :::....----:::::... 

/ 
/ 

tJ>q 

tJ< q 

Ian-pair 
formation 
possible 

/ 

Fig. 3.44. (a) lon-pair formation occurs if a :s; q; 
(b) ion-pair formation does not occur if a > q. 

(3.131) 

(3.132) 
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TABLE 3.15 

Value of the Integral H eY y-4 dy 

b H eYy-4 dy b f~ eVy-4 dy b Jg eVy-4 dy 

2.0 0 3 0.326 10 4.63 
2.1 0.0440 3.5 0.442 15 93.0 
2.2 0.0843 4 0.550 
2.4 0.156 5 0.771 
2.6 0.218 6 1.041 
2.8 0.274 

Hence, in terms of the new variable y, Eq. (3.131) becomes (c/. Appen
dix 3.5) 

( Z Z e 2)3 fb () = 4nnt +ck/ 2 eYy-4 dy (3.133) 

where 

(3.134) 

Bjerrum has tabulated the integral S! eYy-4 dy for various values of b (Table 
3.15). This means that, by reading off the value of the corresponding 

TABLE 3.16 

Fraction of Association. (). of Univalent Ions in Water at 180 C 

a X 108 cm: 2.82 2.35 1.76 1.01 0.70 0.47 

q/a: 2.5 3 4 7 10 15 

ct , moles liter-1 

0.0001 0.001 0.027 
0.0002 0.002 0.049 
0.0005 0.002 0.006 0.106 
0.001 0.001 0.001 0.004 0.Dl1 0.177 
0.002 0.002 0.002 0.003 0.007 0.021 0.274 
0.005 0.002 0.004 0.007 0.016 0.048 0.418 

0.01 0.005 0.008 0.012 0.030 0.030 0.529 
0.02 0.008 0.013 0.022 0.053 0.137 0.632 
0.05 0.017 0.028 0.046 0.105 0.240 0.741 
0.1 0.029 0.048 0.072 0.163 0.336 0.804 
0.2 0.048 0.079 0.121 0.240 0.437 0.854 

t c in moles litec 1 ~ IOOOn;o/N. 
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integral and substituting for the various other terms in (3.133), the degree 
of association of an electrolyte may be computed if the ion sizes, the dielec
tric constant, and the concentrations are known (Table 3.16). 

3.8.4. The lon-Association Constant KA of Bjerrum 

The quantity e yields a clear idea of the fraction of ions which are 
associated in ion pairs in a particular electrolytic solution, at a given con
centration. It would, however, be advantageous if each electrolyte, e.g., 
NaCl, BaS04 , and La(NOah, were assigned a particular number which 
would reveal, without going through the calculation of e, the extent to 
which the ions of that electrolyte associate in ion pairs. The quantitative 
measure chosen to represent the tendency for ion-pair formation was 
guided by historical considerations. 

Arrhenius in 1887 had suggested that many properties of electrolytes 
could be explained by a dissociation hypothesis: The neutral molecules AB 
of the electrolyte dissociate to form ions A + and B-, and this dissociation 
is governed by an equilibrium 

AB~A+ + B- (3.135) 

Applying the law of mass action to this equilibrium, one can define a 
dissociation constant 

K= (3.136) 

By analogy, t one can define an association constant KA for ion-pair 

formation. Thus, one can consider an equilibrium between free ions (the 
positive M + ions and the negative A-ions) and the associated ion pairs 
(symbolized IP) 

(3.137) 

The equilibrium sanctions the use of the law of mass action 

(3.138) 

t The analogy must not be carried too far because it is only a formal analogy. Arrhenius's 
hypothesis can now be seen to be valid for ionogens (i.e., potential electrolytes), in 
which case the neutral ionogenic molecules (e.g., acetic acid) consist of aggregates 
of atoms held together by covalent bonds. What is under discussion here is ion as
sociation, or ion-pair formation, of ionophores (i.e., true electrolytes). In these ion 
pairs, the positive and negative ions retain their identity as ions and are held together 
by electrostatic attraction. 
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where the a's are the activities of the relevant species. From (3.138), it is 
seen that KA is the reciprocal of the ion pair's dissociation constant. 

Since () is the fraction of ions in the form of ion pairs, ()c is the con

centration of ion pairs, and (I - ())c is the concentration of free ions. If 
the activity coefficients of the positive and negative free ions are f+ and f- , 
respectively, and that of the ion pairs is fIP, one can write 

()cfrp 
KA = (l - ())cf+(1 - ())cf-

() I frp 
(I - ())2 C f+f-

(3.139) 

or, using the definition of the mean ionic-activity coefficient [cf Eq. (3.72)], 

() 

KA = (I _ ())2 f 2 
C ± 

(3.140) 

Some simplifications can now be introduced. The ion-pair activity 
coefficient frp is assumed to be unity because deviations of activity coef
ficients from unity are ascribed in the Debye-H tickel theory to electrostatic 
interactions. But ion pairs are not involved in such interactions owing to 
their zero charge, and, hence, they behave ideally like uncharged particles, 

i.e., fip = 1. 
Further, in very dilute solutions: (l) The ions rarely come close enough 

together (i.e., to within a distance q) to form ion pairs, and one can consider 
() ~ 1 or 1 - () "-' 1 ; (2) activity coefficients tend to unity, i.e., fi or f ± ---+ 1. 

Hence, under these conditions of very dilute solutions, Eq. (3.140) 
becomes 

and, substituting for () from Eq. (3.133), one has 

But 

and, therefore, 

4nn·o 
K4 =--' 

• C 
+ - 0 e11y-4 dy ( z z e 2 )3 fb 
EkT 2 

0_ cNA 
ni - 1000 

+ - 0 e?ly-4 dy ( z z e 2 )3 fb 
EkT 2 

(3.141) 

(3.142) 

(3.143 ) 

(3.144) 
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TABLE 3.17 

Ion Association Constant KA : Extent to Which lon-Pair Formation Occurs 

Salt Solvent 
Temperature, 

K 
°C 

KBr Acetic acid 30 6.20 9.09 x 106 

KBr Ammonia -34 22 5.29 x 10' 

CsCI Ethanol 25 24.30 1.51 x 10' 
KI Acetone 25 20.70 1.25 x 10' 
KI Pyridine 25 12.0 4.76 x 103 

The value of the association constant provides an indication of whether 
ion-pair formation is significant. The higher the value of KA , the more 
extensive is the ion-pair formation (Table 3.17). 

What are the factors which increase KA and therefore increase the 
degree of ion-pair formation? From Eq. (3.144), it can be seen that the 
factors which increase KA are (l) low dielectric constant E; (2) small ionic 
radii, which lead to a small value of a and hence [ef Eq. (3.134)] to a 
large value of the upper limit b of the integral in Eq. (3.144); and (3) large 

z+ and L. 

These ideas based on Bjerrum's picture of ion-pair formation have 
received considerable experimental support. Thus, in Fig. 3.45, the associa
tion constant is seen to increase markedly with decrease of dielectric con-

'" .2 

5 

o 

0·5 1·0 1·5 

log ~ 

Fig. 3.45. Variation of the association con
stant KA with dielectric constant for 1:1 
salts. 



260 CHAPTER 3 

0-012 

0-010 

CD 

·0-008 
z 
o 
j: 

3 0 -006 
o 
UI 
UI 

: 0-004 
o 
z 
o 
j: 0-002 
() 
<C 
II: 
IL 

o 

Fig. 3.46. Variation of (), the fraction of associated ions, 
with a, the closest distance of approach (Le., the ion-size 
parameter)_ 

stant. t The dependence of ion-pair formation on the distance of closest 
approach is seen in Fig. 3.46. 

When numerical calculations are carried out with these equations, the 
essential conclusion which emerges is that, in aqueous media, ion association 
in pairs scarcely occurs for 1: I-valent electrolytes but can be of import
ance for 2:2-valent electrolytes. The reason is that KA. depends on Z+L 

through Eq. (3.142). In nonaqueous solutions, most of which have dielectric 
constants much less than that of water (e = 80), ion association is extremely 
important. 

3.8.5. Activity Coefficients, Bjerrum's Ion Pairs, and Debye's 
Free Ions 

What direct role do the ion pairs have in the Debye-Hiickel electro
static theory of activity coefficients? The answer simply is: None. Since 
ion pairs carry no net charge,t they are ineligible for membership in the 

t But the critical dielectric constant above which there is no more ion-pair formation 
(as indicated by Fig_ 3.45) is really a result of the arbitrary cutting off of ion-pair 
formation at the distance q [see (3.8.6) J-
Remember that the equations for the Bjerrum theory, as presented here, are correct 
only for electrolytes yielding ions of the same valency z, i.e., only for symmetrical 
1 : 1- or 2 :2-valent electrolytes. 
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ion cloud where the essential qualification is charge. Hence, ion pairs are 

dismissed from a direct consideration in the Debye-Htickel theory. 

This does not mean that the Debye-Htickel theory gives the right 

answer when there is ion-pair formation. The extent of ion-pair formation 
decides the value of the concentration to be used in the ionic-cloud model. 
By removing a fraction 0 of the total number of ions, only a fraction I - 0 
of the ions remain for the Debye-Htickel treatment which interests itself 
only in the free charges. Thus, the Debye-Htickel expression for the activity 
coefficient [Eq. (3.106)] is valid for the free ions with two important modi
fications: (1) Instead of there being a concentration c of ions, there is only 
(1 - O)c; the remainder Oc is not reckoned with owing to association. 
(2) The closest distance of approach of free ions is q and not a. These 

modifications yield 

logf± = _ A(Z+L) V (I - O)c 
~1-+-'-B=-q·--'v7-(;=1 =-~O=)c (3.145) 

This calculated mean activity coefficient is related to the measured 
mean activity coefficient of the electrolyte (f ±)ObS by the relation (for the 
derivation, see Appendix 3.6) 

(3.146) 

or 

log (f ±)obS = logf ± + log (1 - 0) 

A(Z+L) V (I - fJ)c I (1 0) = - + og -
I + Bq V (1 - O)c 

(3.147) 

This equation indicates how the activity coefficient depends on the 
extent of ion association. In fact, this equation constitutes the bridge be
tween the treatment of solutions of true electrolytes and solutions of poten
tial electrolytes. More will be said on this matter in the chapter on protons 

in solution (Chapter 5), part of which deals with potential electrolytes. 

3.8.6. The Fuoss Approach to lon-Pair Formation 

Despite a considerable agreement with experiment, there are several 
unsatisfactory features of the Bjerrum picture of ion-pair formation. 

The first and most important defect of the Bjerrum picture is that it 
identifies, as ion pairs, ions which are not in physical contact; the pair is 
counted as an ion pair as long as r < q. 
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A second defect is the arbitrary way in which the probability integral 
[cf Eq. (3.129)] is terminated at q, i.e., the distance r at which Pr is a 
minimum. The physical reasons supporting this choice of a condition for 
the maximum distance between ion centers at which pairing can occur are 
not clear. In practice, however, the value of the ion-association constant 
KA is not very sensitive to the actual numerical value chosen for the upper 
limit of the integral. 

It is these considerations that led Fuoss to present an alternative picture 
of ion pairs and a derivation of the ion·association constant. 

An ion pair is defined in a straighforward manner. For the period of 
time (irrespective of its magnitude) that two oppositely charged ions are 
in contact and, therefore, at a distance apart of r = a, the two ions function 
as neutral dipole and can be defined as an ion pair. 

To get an idea of the fraction of ion pairs in a solution, the following 
thought experiment is a useful device. Let the motion of all the ions in a 
solution be frozen and the number of oppositely charged pairs of ions in 
contact be counted. If this thought experiment is repeated many times, then 
one can determine NIP, the average number of ion pairs. The fraction of 
ion' pairs is then obtained by dividing NIP by N i , the average number of 

ions. 

The calculation of the fraction () = N1P/Ni is done as follows. Suppose 
Z positive ions and an equal number of negative ions exist in a volume V 
of solution. Let there be ZIP ion pairs; then there will be ZFl = Z - ZIP 
free ions of each species. Now, suppose one adds oZ positive ions and a 
similar number of anions. Since some of these will form ion pairs and some 
will remain free, 

(3.148) 

The number OZFI of added negative ions that remain free is propor
tional, firstly, to the number oZ of negative ions added to the solution and, 
secondly, to the free volume V - v+Z not occupied by positive ions of 

volume v+ 

(3.149) 

The number OZIl' of negative ions that form pairs with positive ions is 
proportional, firstly, to the number OZ of negative ions added; secondly, 
to the volume V~ZFl occupied by free positive ions; and, finally, to the 
Boltzmann factor e-U,kT, where U is the potential energy of a negative 
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ion in contact with a positive ion t 

(3.150) 

By dividing (3.150) by (3.149), the result is 

OZIF~ __ 2 ZFle-UlkT oZ 
OZFI - v+ (V - v+Z) oZ 

(3.151) 

or 

(3.152) 

If dilute solutions are considered, one can neglect the total volume v +Z 
occupied by positive ions in comparison with the volume V of the solution, 
and, therefore, 

(3.153) 

Now suppose that one adds increments oZ of positive and negative 

ions until a total of N positive and N negative ions are present in the vol
ume V; this process is equivalent to integrating Eq. (3.153). The result is 

or 

N~ N - _F_I V e-UlkT 
IF - V + (3.154) 

(3.155) 

As a model of an ion pair, one can consider the positive ions to be 
charged spheres of radius a and the negative ions point charges; this gives a 
contact distance of a. Then, the volume of the cations is given by 

(3.156) 

With regard to U, the potential energy of a negative ion in contact 
with a positive ion, the following argument is adopted. It has been shown 
that the potential "Pr at a distance r from a central positive ion kf Eq. 
(3.99)] is 

z e 1 - ----=':......Q. ___ eX (a-r) 

"Pr - cr 1 + xa 
(3.157) 

t The factor of 2 comes in because, when one adds 15Z negative ions, one must also add 
15Z positive ions, which also form ion pairs. 
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Hence, at the surface of the positive ion of radius r = a, the potential is 

(3.158) 

It follows therefore that 

(3.159) 

or 

b 
(3.l60) 

1 + xa 1 + xa 

where, as stated earlier, 

(3.134) 

By substituting for UjkT and v+ from (3.l60) and (3.l56) in (3.155), the 
result is 

NIP = ( NFl )2 ~ na3 eb/ (1+ xa) 

V V 3 
(3.161) 

But 

(3.l62) 

where CIP and C are the concentration of ion pairs and electrolyte, respec
tively, and 

NFl (l - e)cNA 
V- = nF1 = 1000 (3.163) 

where CFI is the concentration of free ions. Hence, from (3.161), (3.l62), 
and (3.163). 

(3.164) 

If the solution is considered dilute, 1 - e '"" 1, and, since X-I -+ 00 (i.e., 
x -+ 0), 

(3.l65) 

in which case, Eq. (3.164) becomes 

e _ 4nNA 3 b 

C - 3000 a e (3.166) 
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But, according to (3.141), 

(3.141) 

Hence, according to the Fuoss approach, the ion-association constant is 
given by 

_ 4nNA 3 b 
KA - 3000 a e (3.167) 

in contrast to the following expression (3.144) from the Bjerrum approach, 

(3.144) 

Now, the Bjerrum theory was tested in solutions with dielectric constants 
such that b = zfz_eo2/wkT = 2q/a was significantly larger than 2. Under 
these conditions, the following approximation to the integral in Bjerrum's 
equation can be made 

( z+z_eo2 )3 Jb -4 d 3 eb 
eYy y",-,a-

EkT 2 b 
(3.168) 

in which case, the ion association constant of Bjerrum reduces to 

(3.169) 

As the dielectric constant of the solution is changed, b = z+z_eo2 jwkT 
changes, but this change is overshadowed by the eb term. In other words, 
the experimental results do not permit a distinction between the Fuoss 
dependence of K.4 on eb [cf Eq. (3.167)] and the Bjerrum dependence of 
KA on ebjb kf Eq. (3.169)]. However, the Fuoss approach is to be preferred 
because it is on a simpler and less arbitrary conceptual basis. 

3.8.7. From Ion Pairs to Triple Ions to Clusters of Ions ... 

The coulombic attractive forces given by z+Leo2/cr2 are large when 
the dielectric constant is small. When nonaqueous solvents of low dielectric 
constant are used, the values of dielectric constant are small. In such 
solutions of electrolytes, therefore, it has already been stated that ion-pair 
formation is favored. 

Suppose that the electrostatic forces are sufficiently strong; then, it 
may well happen that the ion-pair "dipoles" may attract ions and triple ions 
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are formed thus 

M+ + (A-M+)ion pair = [M+A-M+ltriplc ion (3.170) 
or 

(3.171) 

From uncharged ion pairs, charged triple ions have been formed. These 

charged triple ions playa role in determining activity coefficients. Triple
ion formation has been suggested in solvents for which E < 15. The question 

of triple-ion formation can be treated on the same lines as has been done 

for ion-pair formation. 

Further decrease of dielectric constant below a value of about 10 may 

make possible the formation of still larger clusters of four, five, or more 

ions. In fact, there is some evidence for the clustering of ions into grcups 

containing four ions in solvents of low dielectric constant. 
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Mathematical Series

Principal Facts and Ideas

• A mathematical series is a sum of terms, either with a
finite number of terms or an infinite number of terms.

• A constant series has terms that are constants, and a
functional series has terms that are constants times
functions.

• An infinite series converges if the sum approaches a
finite limit ever more closely as ever more terms are
summed.

• A Maclaurin series is a functional series with basis
functions that are power of x, where x is the independent
variable.

• A Taylor series is a functional series with basis func-
tions that are powers of x − h, where h is a constant.

• An infinite power series can represent a function within
a region inside which it converges.

Objectives

After studying this chapter, you should be able to:

• determine whether an infinite constant series converges,
• determine how large a partial sum must be taken to

approximate a series to a specified accuracy,
• compute the coefficients for a power series to represent

a given function,
• determine the region of convergence of a power series.

10.1 CONSTANT SERIES

A sequence is a set of numerical quantities with a rule
for generating one member of the set from the previous
member. If the members of a sequence are added together,
the result is a series. A finite series has a finite number

of terms, and an infinite series has an infinite number of
terms. If a series has terms that are constants, it is a constant
series. Such a series can be written

s = a0 + a1 + a2 + a3 + a4 + · · · + an + · · · (10.1)

For an infinite series, we define the nth partial sum as
the sum of the first n terms:

Sn = a0 + a1 + a2 + a3 + · · · + an−1 =
n−1∑
k=0

ak . (10.2)

The infinite series is the limit

s = lim
n→∞ Sn . (10.3)

If this limit exists and is finite, we say that the series
converges. If the magnitude of Sn becomes larger and larger
without bound as n becomes large, or if Sn continues to
oscillate without approaching a fixed value as n becomes
large, we say that the series diverges.

We ask two questions about an infinite constant series:

1. Does the series converge?
2. What is the value of the series if it does converge?

There is no general method for finding the value of every
convergent infinite series, but some series can be summed
by finding an appropriate method.1 If you cannot find a
method to sum a particular infinite series, you might be
able to approximate a convergent series with a partial sum.

1 See A.D. Wheelon, “On the Summation of Infinite Series,” J. Appl.
Phys., 25, 113 (1954), for a method that can be applied to a large number
of series.
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10.1.1 Some Convergent Constant Series

A well-known convergent constant series is

s = 1 + 1

2
+ 1

4
+ 1

8
+ · · · + 1

2n
+ · · · =

∞∑
n=0

1

2n
. (10.4)

Example 10.1. Find the value of the series in Eq. (10.4).
We write the sum as the first term plus the other terms, with
a factor of 1

2 factored out of all the other terms:

s = 1 + 1

2

(
1 + 1

2
+ 1

4
+ 1

8
+ · · ·

)
.

The series in parentheses is just the same as the original
series. There is no problem due to the apparent difference
that the series in parentheses seems to have one less term
than the original series, because both series have an infinite
number of terms. We now write

s = 1 + 1

2
s,

which can be solved to give

s = 2.

Exercise 10.1. Show that in the series of Eq. (10.4) any
term of the series is equal to the sum of all the terms
following it. (Hint: Factor a factor out of all of the following
terms so that they will equal this factor times the original
series, whose value is now known.)

The result of this exercise is of interest in seeing how a
series can be approximated by a partial sum. For the series
of Eq. (10.4), any term is equal to the sum of all following
terms, so we can write

s = Sn + an−1. (10.5)

It is easy to determine the difference between the entire
sum and a partial sum using this equation. With some other
convergent infinite series, we might try to apply Eq. (10.5)
as a rough measure of the error in approximating s by Sn .

Example 10.2. Determine which partial sum approxi-
mates the series of Eq. (10.4) to

(a) 1%.
Since 1% of 2 is equal to 0.02, we find the first

term of the series that is equal to or smaller than 0.02,
and take the partial sum that ends with that term. The
remaining terms are equal to that term. We have

1

26 = 1

64
= 0.015625,

so that the partial sum required is the one ending with
1

64 , or S7. Its value is

S7 = 1.984375.

(b) 0.001%.
Since 0.001% of 2 is 2 × 10−5 , and 1/2n has the

value 1.5259×10−5 when n = 16, we need the partial
sum S17, which has the value S17 = 1.999984741.

Exercise 10.2. Consider the series

s = 1 + 1

22 + 1

32 + 1

42 + · · · + 1

n2 + · · ·

which is known to be convergent and to equal π2/6 =
1.64993 · · ·. Using Eq. (10.5) as an approximation, deter-
mine which partial sum approximates the series to

(a) 1%.
(b) 0.001%.

How good are these approximations?

10.1.2 The Geometric Series

The series of Eq. (10.4) is an example of a geometric series,
which is defined to be

s = a + ar + ar2 + ar3 + ar4 + · · · + arn + · · ·
= a

(
1 + r + r2 + r3 + · · · + rn + · · ·

)
,

= a
∞∑

n=0

rn, (10.6)

where a and r are constants. In order for the infinite series of
Eq.(10.6) to converge, the magnitude of r must be less than
unity. Otherwise, each term would be equal to or larger than
the previous term, causing the sum to grow without bound
(diverge) as more and more terms are added. However, r
can be positive or negative. If r is negative, the sum has
terms of alternating sign, but still converges only if |r | < 1.

The value of a geometric series can be obtained in the
same way as was the value of the series in Eq. (10.4),

s = a + r(a + ar + ar2 + ar3 + · · · ) = a + rs

or

s = a

1 − r
(|r | < 1). (10.7)

The partial sums of the geometric series are given by

Sn = a + ar + ar2 + · · · + arn−1

= a
n−1∑
n=0

rn = a
1 − rn

1 − r

. (10.8)

Equation (10.8) is valid for any value of r, since a finite
series always converges.
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Example 10.3. The molecular partition function z is defi-
ned in the statistical mechanics of noninteracting molecules
as the sum following over all the states of one molecule

z =
∞∑

i=0

exp

(−Ei

kBT

)
,

where i is an index specifying the state, Ei is the energy that
the molecule has when in state number i , kB is Boltzmann’s
constant, equal to 1.3806568 × 10−23 J K−1, and T is
the absolute (Kelvin) temperature. If we consider only the
vibration of a diatomic molecule, to a good approximation

Ei = Ev = hν

(
v + 1

2

)
,

where ν is the vibrational frequency, v is the vibrational
quantum number, which can take on all nonnegative integral
values, and h is Planck’s constant, equal to 6.6261 ×
10−34 J s. Use Eq. (10.7) to find an expression for the
vibrational partition function.

zvib =
∞∑

v=0

exp

⎡
⎢⎢⎣

−hν

(
v + 1

2

)
kBT

⎤
⎥⎥⎦

= exp

( −hν

2kBT

) ∞∑
v=0

[
exp

(
hν

kBT

)]v

= e−x/2
∞∑

v=0

(
e−x)v ,

where we let hν/kBT = x , a positive quantity. The sum is
a geometric series, so

zvib = e−x/2

1 − e−x
= e−hν/2kBT

1 − e−hν/kBT
.

The series is convergent, because e−x is smaller in magni-
tude than unity for all positive values of x.

Exercise 10.3. Find the value of the infinite series

∞∑
n=0

[ln (2)]n .

Determine how well this series is approximated by S2,S5,

S10, and S20.

10.1.3 The Harmonic Series

The harmonic series is defined to be

s = 1 + 1

2
+ 1

3
+ 1

4
+ · · · + 1

n
+ · · · (10.9)

Here are a few partial sums of this series:

S1 = 1,

S2 = 1.5,

S200 = 6.87803,

S1000 = 8.48547,

S100,000 = 13.0902.

The harmonic series is known to diverge

s = lim
n→∞ Sn = ∞. (10.10)

It might appear that this series would converge, because
the terms keep on getting smaller as you go further into the
series. This is a necessary condition for a series to converge,
but it is not sufficient. If a series does not approach a finite
value as more and more terms are taken, it is divergent. We
will show that the harmonic series is divergent when we
introduce tests for convergence.

Exercise 10.4. Evaluate the first 20 partial sums of the
harmonic series.

There are a number of constant series listed in Appendix C.

10.1.4 Tests for Convergence

There are several tests that will usually tell us whether an
infinite series converges:

● The Comparison Test. If a series has terms each of which
is smaller in magnitude than the corresponding term
of a convergent series, it is convergent. If a series has
terms each of which is larger in magnitude than the
corresponding term of a divergent series, it is divergent.

● The Alternating Series Test. If a series has terms that
alternate in sign, it is convergent if the terms approach
zero as you go further and further into the series and
if each term is smaller in magnitude than the previous
term.

● The nth-Term Test. If the terms of a series approach
some limit other than zero or do not approach any limit
as you go further into the series, the series diverges.

● The Integral Test. If a formula can be written to deliver
the terms of a series

an = f (n), (10.11)

then the series will converge if the improper integral∫ ∞

1
f (x)dx (10.12)

converges and will diverge if the improper integral
diverges.
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● The Ratio Test. For a series of positive terms or a series
of negative terms, we define the limit

r = lim
n→∞

an+1

an
. (10.13)

If r < 1, the series converges. If r > 1, the series diverges.
If r = 1, the test fails, and the series might either converge
or diverge. If the ratio does not approach any limit but
does not increase without bound, the test also fails.

Example 10.4. Apply the ratio test and the integral test to
the harmonic series.

Apply the ratio test:

r = lim
n→∞

[
1/n

1/
(
n − 1

)
]

= lim
n→∞

n − 1

n
= 1.

The ratio test fails. Apply the integral test:∫ 0

1

1

x
dx = ln

(
x
)∣∣∣∣

∞

1
= lim

b→∞[ln (b)− ln (1)] = ∞.

The series diverges by the integral test.

Exercise 10.5. Show that the geometric series converges
if r2 ≺ 1.

Example 10.5. Determine whether the series converges:

s = 1 − 1

2
+ 1

3
− 1

4
+ 1

5
− · · · =

∞∑
n−1

(− 1)n−1

n
.

This is an alternating series, so the alternating series test
applies. Since every term approaches more closely to zero
than the previous term, the series is convergent.

Example 10.6. Determine whether the series converges:

s = 1 − 1

2
+ 2

2
− 1

3
+ 2

3
− 1

4
+ 2

4
− 1

5
+ 2

5
− · · ·

This is a tricky series, because it is an alternating series,
and the nth term approaches zero as n becomes large.
However, the series diverges. The alternating series test
does not apply, because it requires that each term be closer
to zero than the previous term. Half the time as you go from
one term to the next in this series, the magnitude increases
instead of decreasing. Let us manipulate the series by
subtracting each negative term from the following positive
term to obtain

s = 1 + 1

2
+ 1

3
+ 1

4
+ 1

5
+ · · ·

This is the harmonic series, which we already found to
diverge.

Exercise 10.6. Test the following series for convergence:

∞∑
n=1

1

n2 .

10.2 POWER SERIES

A functional series has the form

s(x) = a0g0(x)+ a1g1(x)+ a2g2(x)+ a3g3(x)+ · · ·
(10.14)

if there is a single independent variable, x. The set of
constants a0,a1,a2, . . . are called coefficients and the set of
functions g0,g1,g2,g3, . . . are called basis functions. An
infinite functional series might converge for some values of
x and diverge for others. If there is an interval of values of
x such that the series converges for all values of x in that
interval, we say that the series is convergent in that interval.
There is an important mathematical concept called uniform
convergence. A functional series is uniformly convergent
in an interval if it converges with at least a certain fixed rate
of convergence in the entire interval. We do not discuss the
details of this concept.2 If a functional series is uniformly
convergent in some interval, it has been shown to have
some useful mathematical properties, which we discuss
later. There are two problems to be faced in constructing
a series to represent a given function. The first is finding
the values of the coefficients so that the function will be
correctly represented. The second is finding the interval in
which the series is convergent.

10.2.1 Maclaurin Series

The most common type of functional series is the power
series, which uses powers of the independent variable
as basis functions. The first type of power series is the
Maclaurin series:

f (x) = s(x) = a0 + a1x + a2x2 + · · · (10.15)

where f(x) is the function to be represented and s(x) stands
for the series. We now need to determine the a coefficients.
In order for the function and the series to be equal at all
values of x in some interval including x = 0, they must be
equal at x = 0, which means that all of the terms in the
series vanish except for the first term:

f (0) = s(0) = a0 . (10.16)

This determines a0. In order to represent a function by a
power series, we require that the function and all of its
derivatives are differentiable at x = 0. Such a function
is said to be analytic at x = 0. We now require that all
derivatives of the function and of the series be equal at
x = 0. The nth derivative of the series at x = 0 is(

dns

dxn

)
x=0

= n!an, (10.17)

2 David Bressoud, A Radical Approach to Real Analysis, pp. 191–194,
Math. Assoc. of America, Washington, DC, 1994.
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where n! (n factorial) is defined for n ≥ 1 as the product
of all whole numbers up to and including n:

n! = n(n − 1)(n − 2) · · · (3)(2)(1). (10.18)

We also define 0! to equal 1. Equating the derivatives of the
function and the series at x = 0 gives a general formula
for the coefficients in a Maclaurin series to represent the
function f(x):

an = 1
n!
(

dn f

dxn

)
x=0

(n = 1,2,3, . . . ) . (10.19)

The subscript x = 0 on the derivative symbol indicates that
the derivative is to be evaluated at x = 0. A power series that
is obtained by using Eq. (10.19) to obtain the coefficients
faithfully represents the appropriate function in the vicinity
of x = 0 if it converges and if infinitely many terms are
taken. However, we must determine how far from x = 0
we can go and still represent the function by the series.

Example 10.7. Find all of the coefficients for the Mac-
laurin series representing sin (x).

Since sin (θ)= 0,

a0 = 0,

a1 =
[

d

dx
sin (x)

]
0

= cos
(
0
) = 1,

where the subscript indicates that the derivative is evalu-
ated at x = 0. The second partial sum of the series is
therefore

S2 = 0 + x = x

giving the same approximation as in Eq. (2.37). Figure 10.1
shows the function sin (x) and the approximation, S2 = x .
The derivatives of sin (x) follow a repeating pattern:

f (x) = sin (x),
d f

dx
= cos (x),

d2 f

dx2 = −sin (x),

d3 f

dx3 = −cos (x),

d4 f

dx4 = sin (x).

When these are evaluated at x = 0, all of the even-numbered
derivatives vanish, and the odd-numbered derivatives are
alternately equal to 1 and −1:

sin (x) = x − 1

3! x3 + 1

5! x5 − 1

7! x7 + · · ·

Exercise 10.7. Show that the Maclaurin series for ex is

ex = 1 + 1

1! x + 1

2! x2 + 1

3! x3 + 1

4! x4 + · · · (10.20)

y = sin (x)

2

0 ππ x

y

y =
 x

FIGURE 10.1 The function sin(x) and the approximation S2 = x .

10.2.2 Taylor Series

A Taylor series has the form

s(x) = a0 + a1(x − h)+ a2(x − h)2 + a3(x − h)3 + · · ·
where h �= 0. We say that the function is expanded around
x = h. There are a number of important functions that are
not differentiable at x = 0, and these cannot be represented
by a Maclaurin series, but can be represented by a Taylor
series. One such function is ln (x). The first derivative of
this function is 1/x , which becomes infinite as x → 0, as
do the other derivatives. Although there is no Maclaurin
series for ln (x), we can find a Taylor series for a positive
value of h.

In order to find the coefficients for a Taylor series, we
require the function and the series to be equal at x = h and
to have the same derivatives of all orders at x = h. This
gives

a0 = f (h); an = 1

n!
(

dn f

dxn

)
x=h

, (10.21)

where f(x) is the function to be represented and the subscript
x = h indicates that the derivative is to be evaluated at x = h.

Example 10.8. Find the Taylor series for ln (x), expanding
about x = 1.

The series is

ln (x) = a0 + a1(x − 1)+ a2(x − 1)2 + a3(x − 1)3 + · · ·
The first term is determined by letting x = 1, in which case
all of the terms except a0 vanish:

a0 = ln (1) = 0.

The first derivative of ln (x) is 1/x , which equals 1 at x = 1.
The second derivative is −1/x2 , which equals −1 at x = 1.
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The third derivative is 2/x3 , which equals 2 at x = 1. The
derivatives follow a regular pattern,(

dn f

dxn

)
x=1

= (−1
)n−1

(
n − 1

)!
xn

∣∣∣∣∣
x=1

= (−1
)n−1 (

n − 1
)!

so that
1

n!
(

dn f

dxn

)
x=1

=
(−1

)n−1

n

and

ln (x) = (x − 1)− 1

2
(x − 1)2 + 1

3

(
x − 1

)3
− 1

4

(
x − 1

)4 + · · ·

Exercise 10.8. Find the Maclaurin series for ln (1 + x).
You can save some work by using the result of the previous
example.

10.2.3 The Convergence of Power Series

If a series is to represent a function f(x) in some interval, it
must be convergent in the entire interval and must converge
to the value of the function for every value of x in the
interval. For a fixed value of x, the series s(x) is no different
from a constant series, and all the tests for convergence of
Section 10.1 can be applied. We can consider different fixed
values of x and determine the interval of convergence, the
interval in which the series is convergent.

Example 10.9. Investigate the convergence of the Taylor
series for ln (x) in the previous example.

We consider three cases: x = 1, x > 1, and x < 1. If
x = 1, the entire series vanishes, as does the function, so
the series converges to the value of ln (x) for x = 1. For
x > 1, the series is an alternating series, and we can apply
the alternating series test. The nth term of the series is

tn = an
(
x − 1

)n =
(
x − 1

)n (−1
)n−1

n
.

Look at the limit of this as n becomes large:

lim
n→∞ tn =

{
0 if |x − 1| ≤ 1 or 0 ≤ x ≤ 2,

∞ if |x − 1| > 1 or x > 2.

Since the series diverges if x > 2, the interval of conver-
gence for x > 1 extends up to and including x = 2. For
x < 1, the series is not alternating. We apply the ratio test:

r = lim
n→∞

tn
tn−1

= lim
n→∞

[
−

(
x − 1

)n
/n(

x − 1
)n−1

/
(
n − 1

)
]

= − (x − 1
) = 1 − x .

This will be less than unity if x lies between 0 and 1, but if
x = 0, the test fails. However, if x = 0, the series is the same
as the harmonic series except for the sign, and thus diverges.
However, the series does converge for positive values of x
close to 0. The interval of convergence is 0 < x ≤ 2.

We summarize the behavior of the Taylor series repre-
sentation of the previous example: There is a point at which
the logarithm function is not analytic, at x = 0. The
function is analytic to the right of this point, and the series
equals the function for positive values arbitrarily close to
x = 0. Beyond x = 2, the series diverges. The interval
of convergence is centered on the point about which the
function is expanded, which is x = 1 in this case. The
distance from x = 1 to the left end of the interval of
convergence is 1 unit, and the distance from x = 1 to
the right end of the interval of convergence is also 1. This
distance is called the radius of convergence. Even though
the function is defined for values of x beyond x = 2, the
series does not converge and cannot represent the function
for values of x beyond x = 2. Another Taylor series
expanded about a value of x larger than x = 1 can represent
the logarithm function beyond x = 2.

Exercise 10.9. Find the Taylor series for ln (x), expanding
about x = 2, and show that the radius of convergence for
this series is equal to 2, so that the series can represent the
function in the region 0 ≺ x ≤ 4.

The behavior of the Taylor series representation of the
logarithm function is typical. In general, the interval of
convergence is centered on the point about which we are
expanding and extends the same distance in both directions.
The radius of convergence is the distance from the point
about which we are expanding to the closest point at which
the function is not analytic, and the interval of convergence
extends by this distance in either direction. If a function is
defined on both sides of a point at which the function is not
analytic, it is represented on the two sides by different series.

Example 10.10. Find the interval of convergence for the
series representing the exponential function in Eq. (10.20).

We apply the ratio test,

r = lim
n→∞

tn
tn−1

= lim
n→∞

xn/n!
xn−1/

(
n − 1

)! = lim
n→∞

x

n
.

This limit vanishes for any real finite value of x, so the series
converges for any real finite value of x, and the radius of
convergence is infinite.

Exercise 10.10. Find the series for 1/(1 − x), expanding
about x = 0. What is the interval of convergence?

Unfortunately, the situation is not always so simple as in
the examples we have been discussing. A power series can
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represent a function for complex values of the independent
variable. A Taylor series converges to the given function in
a circle in the Argand plane with radius equal to the radius
of convergence. The radius of convergence is the distance
from the point about which we expand to the closest point
in the complex plane at which the function is not analytic.

For example, if we wanted to construct a Maclaurin
series for the function

f (x) = 1

1 + x2 , (10.22)

the radius of convergence would be determined by dis-
continuities at x = i and x = −i even though there are
no discontinuities for real values of x. The radius of conver-
gence equals unity, the distance from the origin to x = ±i
in the Argand plane. Therefore, on the real axis, the series
converges to the function only for value of x lying between
−1 and +1. We do not discuss the behavior of power series
in the complex plane, but you can read more about this topic
in the book by Kreyszig listed at the end of the book.

10.2.4 Power Series in Physical Chemistry

In physical chemistry there are a number of applications of
power series, but in most applications, a partial sum is used
to approximate the series. For example, the behavior of a
nonideal gas is often described by use of the virial series or
virial equation of state,

PVm

RT
= 1 + B2

Vm
+ B3

V 2
m

+ B4

V 3
m

+ · · · (10.23)

where P is the pressure, Vm is the molar volume of the
gas, T is the Kelvin temperature, and R is the ideal gas
constant. This is a Maclaurin series in the variable 1/Vm.
The coefficients B2,B3, . . . are called virial coefficients and
are functions of T but not functions of Vm. If all the virial
coefficients were known for a particular gas, the virial series
would represent exactly the volumetric behavior of that
gas at all positive values of 1/Vm. However, only the first
few virial coefficients can be determined experimentally
or theoretically, so a partial sum must be used. For many
purposes, the two-term truncated equation is adequate:

PVm

RT
≈ 1 + B2

Vm
. (10.24)

There is another commonly used series equation of state,
sometimes called the pressure virial equation of state:

PVm = RT + A2 P + A3 P2 + A4 P3 + · · · (10.25)

This is a Maclaurin series in P. It is also truncated for
practical use.

Example 10.11. Show that the coefficient A2 in Eq.
(10.25) is equal to the coefficient B2 in Eq. (10.23).

We multiply Eq. (10.23) on both sides by RT /Vm to
obtain

P = RT

Vm
+ RT B2

V 2
m

+ RT B3

V 3
m

+ · · ·
This must be equal to

P = RT

Vm
+ A2 P

Vm
+ A3 P2

Vm
+ · · ·

We convert the second series into a series in 1/Vm by
substituting the first series into the right-hand side wherever
a P occurs. When the entire series on the right-hand side of
the virial equation is squared, every term will have at least
a V 2

m in the denominator [see Eq. (5) of Appendix C for the
square of a series]. Therefore,

P = RT

Vm
+ A2

Vm

(
RT

Vm
+ RT B2

V 2
m

+ · · ·
)

+ O

(
1

Vm

)3

,

where the symbol O(1/Vm)
3 (“order of (1/Vm)

3”) stands
for terms of degree (1/Vm)

3 or higher.
We now have

P = RT

Vm
+ RT A2

V 2
m

+ O

(
1

Vm

)3

.

If two power series in the same independent variable
are equal to each other for all values of the independent
variable, then any coefficient in one series is equal to the
corresponding coefficient of the other series.

Comparison of the two expressions for P shows that

B2 = A2.

Exercise 10.11. Find the relationship between the coeffi-
cients A3 and B3.

Another application of a power series in physical
chemistry is in the discussion of colligative properties
(freezing-point depression, boiling-point elevation, and
osmotic pressure). If X1 is the mole fraction of solvent,
�vap Hm is the molar heat of vaporization of the solvent,
T0 is the pure solvent’s boiling temperature, and T is
the solution’s boiling temperature, it is shown in physical
chemistry textbooks that

− ln (X1) = �vap Hm

R

(
1

T0
− 1

T

)
. (10.26)

If there is only one solute (component other than the
solvent), then its mole fraction, X2, is given by

X2 = 1 − X1. (10.27)

The logarithm on the left-hand side of Eq. (10.26) is
represented by the power series

− ln (X1) = − ln (1 − X2) = X2 + 1

2
X2

2 + · · · (10.28)
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If X2 is not too large, we can truncate this series after one
term and write

X2 ≈

�vap Hm

R

(
1

T0
− 1

T

)
. (10.29)

Exercise 10.12. Determine how large X2 can be before
the truncation of Eq. (10.28) that was used in Eq. (10.29)
is inaccurate by more than 1%.

10.3 MATHEMATICAL OPERATIONS ON
SERIES

Carrying out operations such as differentiation and integra-
tion on an infinite functional series involves questions about
convergence and whether differentiating or integrating each
term and then summing the result gives the same result
as first summing the series and then differentiating or
integrating. Although we do not prove it, the principal fact
is: If a series is uniformly convergent, the result of operating
on the series is the same as the result of operating on the
individual terms and then summing the resulting series. For
example, consider a general functional series:

f (x) =
∞∑

n=0

angn(x). (10.30)

If the series is uniformly convergent, then

d f

dx
= d

dx

[ ∞∑
n=0

angn(x)

]
=

∞∑
n=0

an
dgn

dx
. (10.31)

This amounts to interchange of the operations of summing
and differentiating. Similarly, for a uniformly convergent
series,

∫ c

b
f (x)dx =

∫ c

b

[ ∞∑
n=0

angn(x)

]
dx

=
∞∑

n=0

an

∫ c

b
gn
(
x
)

dx . (10.32)

Example 10.12. Find the Maclaurin series for cos (x)
from the Maclaurin series for sin (x).

The series is uniformly convergent for all values of x, so
we can interchange the order of summing and differentiat-
ing. The series for sin (x)was given in a previous example:

sin (x) = x − x3

3! + x5

5! − x7

7! + · · ·,

so that

d
[
sin (x)

]
dx

= cos (x) = 1 − 3x2

3! + 5x4

5! − 7x6

7! + · · ·

= 1 − x2

2! + x4

4! − x6

6! + · · ·

which is the known series expression for cos (x).

Exercise 10.13. From the Maclaurin series for ln (1 + x)

ln (1 + x) = x − 1

2
x2 + 1

3
x3 + · · ·

find the Taylor series for 1/
(
1 + x

)
, using the fact that

d
[
ln (1 + x)

]
dx

= 1

1 + x
.

For what values of x is your series valid?

10.4 POWER SERIES WITH MORE THAN
ONE INDEPENDENT VARIABLE

If f (x,y) represents a function of x and y, under certain
conditions a power series representation can be found. If
the function possesses all of its derivatives at x = 0,y, we
can write

f (x,y) = a00 + a10x + a01 y + a11xy + a20x2 + a02 y2

+ a21x2 y + a12xy2 + a22x2 y2 + · · · (10.33)

We find the coefficient a00 by requiring that the function and
the series representation are equal to each other at x = 0
and y = 0:

f (0,0) = a00. (10.34)

We require that the first derivatives of the function and
the series are equal to each other at x = 0, y = 0

(
∂ f

∂x

)
y

= a10 + a11 y + 2a21xy + a12 y2 + 2a22xy2 +· · ·
(10.35)

When this is evaluated at x = 0, y = 0

(
∂ f

∂x

)
y

∣∣∣∣∣
0,0

= a10, (10.36)
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where the subscripts 0,0 indicate the values of x and y for
which the derivative is evaluated. Similarly,(

∂ f

∂ y

)
x

∣∣∣∣
0,0

= a01. (10.37)

From the mixed second derivative, we can deduce(
∂2 f

∂ y∂x

)∣∣∣∣
0,0

= a11. (10.38)

The general pattern involves higher partial derivatives

1

n!m!
(
∂n+m f

∂m y∂n x

)∣∣∣∣
0,0

= anm . (10.39)

Example 10.13. Find the first few terms of the Maclaurin
series representing the function f (x,y) = exp (x + y) =
ex+y . Compare your result with the product of the Maclau-
rin series representing ex and the series representing ey .

f (x,y) = ex+y = a00 + a10x + a01 y + a11xy

+ a21x2 y + a12xy2 + a22x2 y2 + · · ·
a00 = 1,

a10 =
(
∂exy

∂x

)
y

∣∣∣∣∣
0,0

= ex+y
∣∣
0,0 = 1,

a01 =
(
∂exy

∂ y

)
y

∣∣∣∣∣
0,0

= ex+y
∣∣
0,0 = 1,

a11 = 1

1!1!
(
∂2ex+y

∂ y∂x

)∣∣∣∣
0,0

= ∂ex+y

∂ y

∣∣∣∣
0,0

= 1.

All the derivatives are equal to ex+y . which gives unity
when evaluated at x = 0, y = 0.

anm = 1

n!m! ,

ex+y = 1 + 1

1!0! x + 1

0!1! y + 1

1!1! xy

+ 1

2!0! x2 + 1

0!2! y2 + · · ·
The product of the two series for ex and ey is(

1 + 1

1! x + 1

2! x2 + 1

3! x3 + 1

4! x4 + · · ·
)

(
1 + 1

1! y + 1

2! y2 + 1

3! y3 + 1

4! y4 + · · ·
)

= 1 + 1

1!0! x + 1

0!1! y + 1

1!1! xy + 1

2!0! x2

+ 1

0!2! y2 + · · ·

The same as the two-dimensional series.

Exercise 10.14. Find the formulas for the coefficients in a
Taylor series that expands the function f (x,y) around the
point x = a,y = b.

Problems

1. Test the following series for convergence
∞∑

n=0

(
(− 1

)n (
n − 1

)
/n2).

2. Test the following series for convergence
∞∑

n=0

(
(− 1

)n
n/n!).

Note: n! = n(n − 1)(n − 2) · · · (2)(1) for positive
integral values of n and 0! = 1.

3. Test the following series for convergence
∞∑

n=0

(
1/n!) .

4. Find the Maclaurin series for cos (x).
5. Find the Taylor series for cos (x), expanding about

x = π/2.
6. By use of the Maclaurin series already obtained in this

chapter, prove the identity eix = cos (x)+ i sin (x).
7. Show that no Maclaurin series

f (x) = a0 + a1x + a2x2 + · · ·
can be formed to represent the function f (x) = √

x .
Why is this?

8. Find the first few coefficients for the Maclaurin series
for the function

f (x) = √
1 + x .

9. Find the coefficients of the first few terms of the Taylor
series

sin (x) = a0 + a1

(
x − π

4

)
+ a2

(
x − π

4

)2 + · · · ,
where x is measured in radians. What is the radius of
convergence of the series?

10. Find the coefficients of the first few terms of the
Maclaurin series

sinh (x) = a0 + a1x + a2x2 + · · ·
What is the radius of convergence of the series?

11. The sine of π/4 radians (45◦) is
√

2/2 =
0.70710678 . . . How many terms in the series

sin (x) = x − x3

3! + x5

5! − x7

7! + . . .

must be taken to achieve 1% accuracy at x = π/4?
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12. The cosine of 30◦ (π/6 radians) is equal to
√

3/2 =
0.866025 . . . How many terms in the series

cos (x) = 1 − x2

2! + x4

4! − x6

6! + · · ·

must be taken to achieve 0.1% accuracy x = π/6?
13. Estimate the largest value of x that allows ex to be

approximated to 1% accuracy by the following partial
sum:

ex ≈ 1 + x .

14. Estimate the largest value of x that allows ex to be
approximated to 0.01% accuracy by the following
partial sum:

ex ≈ 1 + x + x2

2! .
15. Find two different Taylor series to represent the

function

f (x) = 1

x

such that one series is

f (x) = a0 + a1(x − 1)+ a2(x − 1)2 + · · ·
and the other is

f (x) = b0 + b1(x − 2)+ b3(x − 2)2 + · · ·
Show that bn = an/2n for any value of n. Find the
interval of convergence for each series (the ratio
test may be used). Which series must you use in the
vicinity of x = 3? Why?

16. Find the Taylor series in powers of (x − 5) that
represents the function ln (x).

17. Using the Maclaurin series for ex , show that the
derivative of ex is equal to ex .

18. Find the Maclaurin series that represents cosh(x).
What is its radius of convergence?

19. Find the Taylor series for sin
(
x
)
, expanding around

π/2.
20. Find the interval of convergence for the series for

sin
(
x
)
.

21. Find the interval of convergence for the series for
cos

(
x
)
.

22. Prove the following fact about power series: If two
power series in the same independent variable are
equal to each other for all values of the independent
variable, then any coefficient in one series is
equal to the corresponding coefficient of the other
series.

23. Using the Maclaurin series, show that∫ x1

0
es dx = ex

∣∣x1
0 = ex1 − 1.

24. Using the Maclaurin series, show that∫ x1

0
cos (ax)dx = 1

a
sin (x)

∣∣∣∣
x1

0
= 1

a
sin (ax1).

25. Find the first few terms of the two-variable Maclaurin
series representing the function f (x,y) = sin (x + y).

26. Find the first few terms of the two-variable Taylor
series:

ln (xy) =
∞∑

m=0

∞∑
n=0

amn(x − 1)n(y − 1)m .
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Mathematical Functions

Principal Facts and Ideas

• A mathematical function is a rule that gives a value of a
dependent variable that corresponds to specified values
of one or more independent variables.

• A function can be represented in several ways, such as
by a table, a formula, or a graph.

• Except for isolated points, the mathematical functions
found in physical chemistry are single-valued.

• Except for isolated points, the mathematical functions
that occur in physical chemistry are continuous.

• Thermodynamic theory and quantum-mechanical the-
ory specify the number of independent variables for the
functions that occur in these disciplines.

Objectives

After studying this chapter, you should:
• understand the concept of a mathematical function and

the roles of independent and dependent variables;
• understand the concept of continuity;
• be familiar with functions that commonly appear in

physical chemistry problems.

2.1 MATHEMATICAL FUNCTIONS IN
PHYSICAL CHEMISTRY

In thermodynamics, the variables involved are governed
by mathematical functions. In quantum mechanics all
information about the state of a system is contained
in a mathematical function called a wave function or
state function. In reaction kinetics, the concentrations
of reactants and products are described by mathematical
functions of time.

A mathematical function of one independent variable is
a rule that generates a unique value of a dependent variable
from a given value of an independent variable. It is as though

the function says, “You give me a value of the independent
variable, and I’ll give you the corresponding value of the
dependent variable.” A simple example of a function is a
table with values of the independent variable in one column
and corresponding values of the dependent variable in the
adjacent column. A number in the first column is uniquely
associated with the value on the same line of the second
column. However, this is a limited kind of function, which
provides values of the dependent variable only for the values
in the table. A more general representation might be a
formula or a graph, which could provide a value of the
dependent variable for any relevant value of the independent
variable.

2.1.1 Functions in Thermodynamics

Many of the mathematical functions that occur in physical
chemistry have several independent variables. In this case,
a value of each of the independent variables must be given
to obtain the corresponding value of the dependent variable.
Thermodynamic theory implies the following behavior
of equilibrium macroscopic systems (systems containing
many atoms or molecules):

● Macroscopic thermodynamic variables such as temper-
ature, pressure, volume, density, entropy, energy, and
so on, can be dependent or independent variables in
mathematical functions.

● Thermodynamic theory governs the number of inde-
pendent variables, which depends on the conditions.
You can generally choose which variables are inde-
pendent.

● The mathematical functions governing the thermody-
namic variables are single-valued, except possibly at
isolated points. This means that for a given set of values
of the independent variables, one and only one value of
the dependent variable occurs.

Mathematics for Physical Chemistry. http://dx.doi.org/10.1016/B978-0-12-415809-2.00002-1
© 2013 Elsevier Inc. All rights reserved. 11



12 Mathematics for Physical Chemistry

● The mathematical functions governing the thermody-
namic variables are continuous, except possibly at
isolated points.

2.1.2 Functions in Quantum Mechanics

The principal mathematical functions in quantum mechan-
ics are wave functions (also called state functions) , which
have the properties:

● All of the information about the state of a system is
contained in a wave function.

● The most general wave functions are functions of
coordinates and of time.

● Time-independent wave functions also occur that are
functions only of coordinates.

● The wave functions are single-valued and finite.
● The wave functions are continuous.

2.1.3 Function Notation

A mathematician would write the following expression for
a dependent variable y that depends on an independent
variable x:

y = f (x) (2.1)

using the letter f to represent the function that provides
values of y. Chemists usually follow a simpler policy,
writing the same symbol for the dependent variable and
the function. For example, representing the pressure as a
function of temperature we would write

P = P(T ), (2.2)

where the letter P stands both for the pressure and for the
function that provides values of the pressure.

2.1.4 Continuity

If a function is continuous, the dependent variable does
not change abruptly for a small change in the independent
variable. If you are drawing a graph of a continuous
function, you will not have to draw a vertical step in your
curve. We define continuity with a mathematical limit.
In a limiting process, an independent variable is made to
approach a given value, either from the positive side or the
negative side. We say that a function f (x) is continuous at
x = a if

lim
x→a+ f

(
x
) = lim

x→a− f (x) = f (a), (2.3)

where f (a) is the unique value of the function at x = a. The
first expression represents causing x to approach the value a
from the positive side, and the second expression represents
causing x to approach the value a from the negative side.

The function is continuous at x = a if as x draws close to
a from either direction, f (x) smoothly draws close to the
finite value f (a) that the function has at x = a . If f (x)
approaches one finite value when x approaches a from the
negative side and a different finite value when x approaches
a from the negative side, we say that the function has a
finite step discontinuity orfinite jump discontinuity at x = a.
Finite step discontinuities are sometimes called ordinary
discontinuities. In some cases, a function becomes larger
and larger in magnitude without bound as x approaches
a. We say that the function diverges at this point, or that
it is divergent. For example, the function 1/x becomes
larger and larger in the negative direction if x approaches
0 from the positive side. It is negative and becomes
larger and larger in magnitude if x approaches 0 from
the positive direction. Some other functions can diverge
in the same direction when the argument of the function
approaches some value from either direction. The function
1/x2 diverges in the positive direction as x approaches zero
from either direction. An infinite discontinuity is sometimes
called a singularity. Some functions that represent physical
variables are continuous over the entire range of values of
the independent variable. In other cases, they are piecewise
continuous. That is, they are continuous except at one or
more isolated points, at which discontinuities in the function
occur.

2.1.5 Graphs of Functions

One convenient way to represent a function of one variable
is with a graph. We plot the independent variable on
the horizontal axis and plot the dependent variable on
the vertical axis. The height of the curve in the graph
represents the value of the dependent variable. A rough
graph can quickly show the general behavior of a function.
An accurate graph can be read to provide the value of the
dependent variable for a given value of the independent
variable.

Figure 2.1 shows schematically the density of a pure
substance at equilibrium as a function oftemperature at fixed
pressure. The density is piecewise continuous. There is a
large step discontinuity at the boiling temperature, Tb, and
a smaller step discontinuity at the freezing temperature,
Tf . If the temperature T approaches Tf from the positive
side, the density smoothly approaches the density of the
liquid at Tf . If T approaches Tf from the negative side, the
density smoothly approaches the density of the solid at this
temperature. The system can exist either as a solid or as a
liquid at the freezing temperature, or the two phases can
coexist, each having a different value of its density. The
density is not single-valued at the freezing temperature. A
similar step discontinuity occurs at the boiling temperature
Tb. At this temperature the liquid and gas phases can coexist
with different densities.
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FIGURE 2.1 The density of a pure substance as a function of temperature
(schematic).

Graphing with Excel

A spreadsheet such as Excel® can perform various
operations on sets of items that are displayed in the form of a
table. Microsoft Excel® is sold as a component of Microsoft
Office®, which also includes Microsoft Word and Power
Point. There are two principal competitors to Excel, called
Lotus 1–2-3® and Claris Works®. There is also a suite of
programs similar to Microsoft Office called Open Office,
which can be downloaded without cost. Our description
applies to Excel 2010 using the Windows operating system.
Previous versions were called Excel 2003, 2000, 1998,
4.0, 3.0, and so on, and there are some differences in the
procedure with the other versions, and with a Macintosh
computer.

When you first open the Excel program, a window is
displayed on the screen with a number of rectangular areas
called cells arranged in rows and columns. This window
is called a worksheet. Across the top of the window are
nine labels: “File,” “Home,” “Insert,” “Page Layout,”
“Formulas,” “Data,” “Review,” “View,” and “Add-in.”
Clicking on any label produces a different menu with the
label in an area that resembles the tab on a file folder. We will
refer to the labels as “tabs.” The rows in the worksheet are
labeled by numbers and the columns are labeled by capital
letters. Any cell can be specified by giving its column and
its row (its address). For example, the address of the cell in
the third row of the second column is B3. Any cell can be
selected by using the arrow buttons on the keyboard or by
moving the mouse until the cursor is in the desired cell and
then clicking the left mouse button.

After selecting a cell, you can type one of three kinds of
information into the cell: a number, some text, or a formula.

For example, one might want to use the top cell in each
column for a label for that column. One would first select
the top cell in a given column and then type the label for
that column. As the label is typed, it appears in a line above
the cells. It is then entered into the cell by pressing the
“Enter” key in the main keyboard (labeled “Return” on
some keyboards). A number is entered into a cell in the
same way. To enter a number but treat it as text, precede the
number with an apostrophe (’, a single quotation mark).

To enter a formula, type an equal sign followed
by the formula, using ordinary numbers, addresses of
cells, symbols for predefined functions, and symbols for
operations. If you need a number stored in another cell in
a formula, type the address of that cell into the formula in
place of the number. The symbol * (asterisk) is used for
multiplication, / (slash) is used for division, + (plus) is used
for addition, and− (minus) is used for subtraction. The caret
symbol (ˆ) is used for powers. All symbols are typed on the
same line. For example, (3.26)3/2 would be represented
by 3.26ˆ1.5. Don’t use 3.26ˆ3/2 to represent 3.263/2 since
the computer carries out operations in a predetermined
sequence. Powers are carried out before multiplications and
divisions, so the computer would compute 3.263 and then
divide by 2. Since the formula must be typed on a single
line, parentheses are used as necessary to make sure that
the operations are carried out correctly. The rule is that
all operations inside a pair of parentheses are carried out
before being combined with anything else. Other operations
are carried out from left to right, with multiplications and
divisions carried out before additions and subtractions. If
there is any doubt about which operations are carried out
first, use parentheses to make the formula unambiguous.
Any number of parentheses can be used, but make sure that
every left parenthesis has a right parenthesis paired with it.

A number of predefined functions can be included in
formulas. Table 2.1 includes some of the abbreviations
that are used. The argument of a function is enclosed in
parentheses in place of the ellipsis (· · ·).

�

�

�

	

TABLE 2.1 Abbreviations in Excel

Abbreviation Function

SIN( · · · ) sine

COS( · · · ) cosine

ASIN( · · · ) Inverse sine

ACOS( · · · ) Inverse cosine

ABS( · · · ) Absolute value

EXP( · · · ) Exponential

LOG( · · · ) Common logarithm (base 10)

LN( · · · ) Natural logarithm (base e)



14 Mathematics for Physical Chemistry

If you want cell C3 to contain the natural logarithm of
the number presently contained in cell B2, you would place
the cursor on cell C3 and click on it with the left mouse
button. and then type = LN(B2). Lower-case letters can
also be used and LOG10(· · ·) can be used for the common
logarithm. The argument of a trigonometric function must
be expressed in radians. An arithmetic expression can be
used as the argument and will automatically be evaluated
before the function is evaluated. These rules are similar
to those used in the BASIC and FORTRAN programming
languages and in Mathematica®.

After the formula is typed, one enters it into the
cell by pressing the “Enter” key in the main keyboard.
When a formula is entered into a cell, the computer
will automatically calculate the appropriate number from
whatever constants and cell contents are specified and will
display the numerical result in the cell. If the value of
the number in a cell is changed, any formulas in other
cells containing the first cell’s address will automatically
be recalculated.

Example 2.1. Enter a formula into cell C1 to compute the
sum of the number in cell A1 and the number in cell B2,
divide by 2, and take the common logarithm of the result.

We select cell C1 and type the following:

= LOG((A1 + B2)/2).

We then press the “Enter” key (labeled “Return” on some
keyboards). The numerical answer will appear in cell C1.

The SUM command will compute the sum of several
adjacent numbers in the same column. For example, to
compute the sum of the contents of the cells A2, A3, and
A4 and place the sum in cell D2, you would put the cursor
in cell D2 and type = SUM(A2:A4). If you want the sum
of the contents of all cells from A2 to A45, you would type
= SUM(A2:A45). A colon (:) must be placed between the
addresses of the first and last cells.

Exercise 2.1. Enter a formula into cell D2 that
will compute the mean of the numbers in cells A2, B2,
and C2.

If you move a formula from one cell to another, any
addresses entered in the formula will change. For example,
say that the address A1 and the address B2 were typed into
a formula placed in cell C1. If this formula is copied and
pasted into another cell, the address A1 is replaced by the
address of whatever cell is two columns to the left of the
new location of the formula. The address B2 is replaced by
the address of whatever cell is one column to the left and one
row below the new location of the formula. Such addresses
are called relative addresses or relative references. This
feature is very useful, but you must get used to it. If you

want to move a formula to a new cell but still want to
refer to the contents of a particular cell, put a dollar sign
($) in front of the column letter and another dollar sign in
front of the row number. For example, $A$1 would refer
to cell A1 no matter what cell the formula is placed in.
Such an address is called a absolute address or an absolute
reference.

There is a convenient way to copy a formula into part
of a column. Type a formula with the cursor in some cell
and then press the “Enter” key to enter the formula into that
cell. Then drag the cursor down the column (while holding
down the left mouse button) including the cell containing
the formula and moving down as far as needed. Then choose
the “Fill” command in the “Edit” menu and choose “Down”
from a small window that appears. You can also hold down
the “Ctrl” key and type the letter “d”. When you do this, the
selected cells are all “filled” with the formula. The formulas
in different cells will refer to different cells according to the
relative addressing explained above. A similar procedure
is used to fill a portion of a row by entering the formula
in the left-most cell of a portion of a row, selecting the
portion of the row, and using the “Fill” command in the
“Edit” menu and choosing “Right” in the next window, or
alternatively by holding down the “Ctrl” key and typing the
letter “r”. The same procedures can be used to fill a column
or a row with the same number in every cell. You can also
put a sequence of equally spaced values in a column. Say
that you want to start with a zero value in cell A1 and to
have values incremented by 0.05 as you move down the
following 20 cells in column A. You select cell A1, type in
the value 0, and press the “Enter” key. You then select cell
A2, type in = A1 + 0.05, and press the “Enter” key. You
place the cursor on cell A2 and drag it down to cell A21
(keeping the left mouse button depressed). You then select
“Fill Down” or type the letter “d” key while pressing the
“Ctrl” key.

A block of cells can be selected by moving the cursor
to the upper left cell of the block and then moving it to the
opposite corner of the block while holding down the left
mouse button (“dragging” the cursor). You can also drag
the cursor in the opposite direction. The contents of the cell
or block of cells can then be cut or copied into the clipboard,
using the “Cut” command or the “Copy” command under
the “Home” tab. The contents of the clipboard can be pasted
into a new location. One selects the upper left cell of the new
block of cells and then uses the “Paste” command under
the “Home” tab to paste the clipboard contents into the
workbook. If you put something into a set of cells and want
to remove it, you can select the cells and then press the
“Delete” key.

Excel can use routines called “Macros” that can be
called inside the spreadsheet. These routines can be written
in a version of the BASIC programming language called
“Visual Basic.” Instructional websites detailing the use of
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Visual Basic can be found on the Internet by searching for
Visual Basic in a search engine such as Google. Textbooks
are also available. Macros can also be obtained from other
sources, such as Internet websites.

Excel can be used to produce graphs of various kinds
(Excel refers to graphs as “charts”). To construct a graph
of a function of one independent variable, you place
values of the independent variable in one column and
the corresponding values of the dependent variable in the
column immediately to the right of this column. If you
require a graph with more than one curve, you load the
values of the independent variable in one column, the values
of the first function in the column to the right of this column,
the values of the second function into the next column, and
so on. If appropriate, use formulas to obtain values of the
dependent variables. Here is the procedure:

1. Select the columns by dragging the mouse cursor over
them.

2. Click on the “Insert” tab. A set of icons appears. Click
on the “Scatter” icon. Five icons appear, allowing you
to choose whether you want a smooth curve or line
segments through the points, with or without data points.
We assume that you choose the option with a smooth
curve showing the data points. Click on the “Layout”
tab in the “Chart Tools” Menu. In this menu, you can
choose whether to add vertical gridlines and can label
the axes and enter a title for the graph. You can delete
or edit the “Legend,” which is a label at the right of the
graph. You can change the size of the graph by clicking
on a corner of the graph and dragging the cursor while
holding down the left mouse button. You can double-
click on one of the numbers on an axis and get a menu
allowing you to enter tick-marks on the axis, and change
the range of values on the axis.

3. You can print the graph by using the “Print” command
under the “File” tab or by holding down the “Ctrl” key
and typing the letter “p”. The printed version will be
shown on the screen. If it is acceptable, click on the
“print” icon.

2.2 IMPORTANT FAMILIES OF
FUNCTIONS

A family of functions is a set of related functions. A family of
functions is frequently represented by a single formula that
contains other symbols besides the one for the independent
variable. These quantities are called parameters. The choice
of a value for each parameter specifies a member of the
family of functions.

2.2.1 Linear Functions

The following formula represents the family of linear
functions:

y = mx + b. (2.4)

Linear functions are also called first-degree polynomials.
We have a different function for each value of the parameter
m and the parameter b. The graph of each such function is a
straight line. The constant b is called the intercept. It equals
the value of the function at x = 0. The constant m is called the
slope. It gives the steepness of the line, or the relative rate at
which the dependent variable changes as the independent
variable varies. A one-unit change in x produces a change
in y equal to m.

Figure 2.2 shows a graph representing a linear function.
Two values of x, called x1 and x2, are indicated, as are

their corresponding values of y, called y1 and y2. A line
is drawn through the two points. If m > 0, then y2 > y1
and the line slopes upward to the right. If m < 0, then
y2 < y1 and the line slopes downward to the right. If a line
is horizontal, the slope is equal to zero.

Example 2.2. For a linear function let y1 be the value of y
corresponding to x1 and y2 be the value of y corresponding
to x2. Show that the slope is given by

m = y2 − y1

x2 − x1
= �y

�x
,

where we introduce the common notation for a difference:

�x = x2 − x1,

�y = y2 − y1,

y2 − y1 = mx2 + b − (mx1 + b) = m(x2 − x1)

y

y2

y1

b

0 x1

x

y

x2 x

y = mx + b

Δ

Δ

α

FIGURE 2.2 The graph of the linear function y = mx + b.
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or

m = y2 − y1

x2 − x1
= �y

�x
.

2.2.2 Quadratic Functions

Another important family of functions is the quadratic
function or second-degree polynomial:

y = ax2 + bx + c. (2.5)

The graph of a function from this family is a parabola.
Figure 2.3 depicts the parabola representing the function

y(x) = x2 − 3x − 4.

Notice that the curve representing the parabola rises rapidly
on both sides of the minimum.

−2

8

6

4

2

0

2

4

6

8
x

y(
x)

−1 0 1 2 3 4 5

FIGURE 2.3 The graph of the quadratic function y = x ² − 3x − 4.

2.2.3 Cubic Functions

A cubic function, or third-degree polynomial, can be written
in the form

y(x) = ax3 + bx2 + cx + d, (2.6)

where a, b, c, and d represent constants.

Exercise 2.2. Use Excel or Mathematica to construct a
graph representing the function

y(x) = x3 − 2x2 + 3x + 4.

2.2.4 Logarithms

A logarithm is an exponent. We write

x = ay . (2.7)

The constant a is called the base of the logarithm and the
exponent y is called the logarithm of x to the base a and is
denoted by

y = loga (x). (2.8)

We take a to be positive so that only positive numbers
possess real logarithms.

Common Logarithms

If the base of logarithms equals 10, the logarithms are
called common logarithms: If 10y = x , then y is called the
common logarithm of x, denoted by log10 (x). The subscript
10 is sometimes omitted, but this can cause confusion. For
integral values of x, it is easy to generate the following short
table of common logarithms:

�

�

�

	

x y = log10(x) x y = log10(x)

1 0 0.1 −1

10 1 0.01 −2

100 2 0.001 −3

1000 3 0.0001 −4

Exponents are not required to be integers, so logarithms are
not required to be integers.

Example 2.3. Find the common logarithm of
√

10.

(√
10
)2 = 10.

We use the fact about exponents

(ax )z = axz .

Since10 is the same thing as 101,

√
10 = 101/2 = 3.162277 · · · .

Therefore

log10

(√
10
)

= log10 (3.162277 · · · ) = 1

2
= 0.5000.

Exercise 2.3. Generate the negative logarithms in the short
table of common logarithms.

Before the widespread use of electronic calculators,
extensive tables of logarithms with up to seven or eight
significant digits were used when a calculation required
more significant digits than a slide rule could provide. For
example, to multiply two numbers together, one would look
up the logarithms of the two numbers, add the logarithms,
and then look up the antilogarithm of the sum (the number
possessing the sum as its logarithm).

Natural Logarithms

The other commonly used base of logarithms is a
transcendental irrational number called e and equal to
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FIGURE 2.4 A graph representing the natural logarithm of x.

2.7182818284 · · ·.1 The definition of e is

e = lim
n→∞

(
1 + 1

n

)n

= 2.7182818 . . . (definition).

(2.9)
The “limn→∞” notation means that larger and larger values
of n are taken. In this case a stable value of the quantity is
approached in the limit.

Exercise 2.4. Using a calculator or a spreadsheet, evaluate
the quantity (1+ 1

n )
n for several integral values of n ranging

from 1 to 1,000,000. Notice how the value approaches the
value of e as n increases and determine the value of n needed
to provide four significant digits.

Logarithms to the base e are called natural logarithms:

If ey = x then y = loge (x) = ln (x) . (2.10)

The notation ln (x) is more common than the notation
loge (x) for natural logarithms. Natural logarithms are
also called Napierian logarithms.2 Unfortunately, some
mathematicians use the symbol log (y) without a subscript
for the natural logarithm of y. Chemists frequently use the
symbol log (y) without a subscript for common logarithms
and the symbol ln

(
y
)

for natural logarithms. It is probably
best to use log10 (x) for the common logarithm of x and
ln (x) for the natural logarithm of x.

Figure 2.4 illustrates two facts about logarithms:

● For values of the argument less than unity, the logarithm
is a rapidly changing function.

● For values of the argument much greater than unity, the
logarithm is a slowly varying function.

1 The base of natural logarithms, e, is named after Leonhard Euler,
1707–1783, a great Swiss mathematician.
2 Napierian logarithms are named after John Napier, 1550–1617, a Scottish
landowner, theologian, and mathematician, who was one of the inventors
of logarithms.

If the common logarithm of a number is known, its
natural logarithm can be computed as follows:

eln (y) = 10log10 (y) =
(

eln (10)
)log10 (y) = eln (10) log10 (y).

(2.11)
The natural logarithm of 10 is equal to 2.302585 . . . , so we
can write

ln (y)= ln (10) log10 (y)=(2.30258509 . . . ) log10y (y) .

(2.12)

In order to remember Eq. (2.12) correctly, remember that
since e is smaller than 10, the natural logarithm is larger
than the common logarithm.

Exercise 2.5. Without using a calculator or a table of
logarithms, find the following:

(a) ln (100.000),
(b) ln (0.0010000),
(c) log10 (e).

Logarithm Identities

Table 2.2 lists some identities involving exponents and
logarithms. These identities hold for logarithms to any base.�

�

�

	

TABLE 2.2 Properties of Exponents and Logarithms

Exponent fact Logarithm fact

a0 = 1 loga (1) = 0

a1/2 = √
a loga

(√
a
) = 1

2

a1 = a loga (a) = 1

ax1 ax2 = ax1+x2 loga
(
y1y2

) = loga
(
y1
)+ loga

(
y2
)

a−x = 1
ax loga

(
1
y

)
= − loga

(
y
)

ax1
ax2 = ax1−x2 loga

(
y1
y2

)
= loga

(
y1
)− loga

(
y2
)

(
ax )z = axz loga

(
yz ) = z loga

(
y
)

a∞ = ∞ loga
(∞) = ∞

a−∞ = 0 loga
(
0
) = −∞

2.2.5 Exponentials

The exponential function is the same as raising e (the base of
natural logarithms) to a given power. It is denoted either by
the usual notation for a power or by the notation exp ( · · · ).
If b is a constant and y is the exponential of bx, then

y = ebx = exp (bx). (2.13)

Figure 2.5 shows a graph of the exponential function for
b = 1.
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FIGURE 2.5 The exponential function.

There are several important properties of the exponential
function, as exhibited in the graph in Figure 2.5.

● For large values of x the exponential function becomes
large very rapidly.

● For large negative values of x the exponential function
becomes small very rapidly.

● If b is negative, the exponential function decreases to
half its value each time x increases by a fixed amount.

● If b is positive, the exponential function doubles each
time x increases by a fixed amount.

Exercise 2.6. For a positive value of b find an expression
in terms of b for the change in x required for the function
ebx to double in size.

An example of the exponential function is in the decay
of radioactive isotopes. If N (t) represents the number at
time t,

N (t) = N (0)e−t/τ , (2.14)

where τ is called the relaxation time. It is the time for
the number of atoms of the isotope to drop to 1/e =
0.367879 · · · of its original value. The time that is required
for the number of atoms to drop to half its original value is
called the half-time or half-life, denoted by t1/2.

Example 2.4. Show that t1/2 is equal to τ ln (2).
If t1/2 is the half-life, then

e−t1/2/τ = 1

2

Thus

t1/2
τ

= − ln

(
1

2

)
= ln

(
2
)
,

t1/2 = ln
(
2
)
τ ≈ 0.693147τ.

Example 2.5. A certain population is growing exponen-
tially and doubles in size each 30.0 years.

(a) If the population includes 4.00 × 106 individuals at
t = 0, write the formula giving the population after a
number of years equal to t.

We let

N (30.0y)

N (0)
= 2 = ekt,

k = ln (2)

30.0y
= 0.02310y−1,

N (t)

N (0)
= N (t)

4.00 × 106 = e(0.02310y−1)t .

(b) Find the size of the population at t = 150.0 years.

N (150.0y) = (
4.00 × 106) exp

[(
0.02310y−1) (150.0y

)]
= 1.28 × 108

Exercise 2.7. A reactant in a first-order chemical reaction
without back reaction has a concentration governed by the
same formula as radioactive decay,[

A
]

t = [
A
]

0 e−kt ,

where
[
A
]

0 is the concentration at time t = 0,
[
A
]

t is the
concentration at time t, and k is a function of temperature
called the rate constant. If k = 0.123 s−1 find the time
required for the concentration to drop to 21.0% of its initial
value.

2.2.6 Trigonometric Functions

The ordinary trigonometric functions include the sine,
the cosine, the tangent, the cotangent, the secant, and
the cosecant. They are sometimes called the circular
trigonometric functions.

The trigonometric functions can be defined geometri-
cally using a circle, as in Figure 2.6.

This figure shows two angles, α1 , which is smaller than
90◦, and α2, which is larger than 90◦ but smaller than 180◦.
Along the horizontal axis the point C1 is chosen so that the
triangle AB1C1 is a right triangle. The radius of the circle,
r, forms the hypotenuse of the triangle. The vertical side of
length y1 is called the opposite side to the angle α1 and the
horizontal side of length x1 is called the adjacent side. We
define the trigonometric functions sine, cosine, and tangent
of α1 as follows:

sin
(
α1
) = y1

r (opposite side over hypotenuse) ,

(2.15)

cos
(
α1
) = x1

r (adjacent side over hypotenuse) ,

(2.16)
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FIGURE 2.6 The figure used in defining trigonometric functions.

tan
(
α1
) = y1

x1
(opposite side over adjacent side) ,

(2.17)

cot
(
α1
) = x1

y1
(adjacent side over opposite side) ,

(2.18)

sec
(
α1
) = r

x1
(hypotenuse over adjacent side) ,

(2.19)

csc
(
α1
) = r

y1
(hypotenuse over opposite side) .

(2.20)

The trigonometric functions of the angle α2 are defined in
the same way, except that the distance x2 must be counted
as negative, because the point C2 is to the left of A. If the
point B2 were below A, then y2 would also be counted
as negative. For all values of the angle α, we can write the
identities (relations that are valid for values of the variables
involved):

csc
(
α
) = 1

sin
(
α
) , (2.21)

sec
(
α
) = 1

cos
(
α
) , (2.22)

cot
(
α
) = 1

tan
(
α
) . (2.23)

There are three common ways to specify the size of an
angle (the “measure” of the angle). Degrees are defined
so that a right angle corresponds to 90◦ (90◦), and a full
rotation corresponds to 360◦. The grad is defined so that
100 grad corresponds to a right angle and a full rotation
corresponds 400 grad. The measure of an angle in radians
is defined to be the length of the arc subtending the angle
divided by the radius of the circle. In Figure 2.6, the arc
DB1 subtends the angle α1, so that in radians

α1 = d1

r
, (2.24)

where d1 is the length of the arc DB1. The full circle
contains 2π radians (2π rad) or 360◦, and 1 radian
corresponds to 360◦/(2π) = 57.2957795 · · · ◦. The right
angle, 90◦, is π/2 radians = 1.5707963 · · · radians
(1.5707963 · · · rad). We can express the angle α in terms
of radians, degrees, or grad, but must understand which
measure is being used. For example, we could write

sin (90◦) = sin (π/2). (2.25)

This does not look like a correct equation until we
understand that on the left-hand side the angle is measured
in degrees and on the right-hand side the angle is measured
in radians. If you use degrees, you should always include
the degree sign (◦) to avoid confusion.

The trigonometric functions illustrate a general property
of the functions that we deal with. They are single-valued:
for each value of the angle α, there is one and only one
value of the sine, one and only one value of the cosine,
and so on. The sine and cosine functions are continuous
everywhere. The tangent, cotangent, secant, and cosecant
functions are piecewise continuous (discontinuous only at
isolated points, where they diverge).

Trigonometric Identities

There are a number of relations between trigonometric
functions that are valid for all values of the given angles.
Such relations are said to be identically true, or to be
identities. We first present some identities involving an
angle and its negative. A negative angle is measured in
the clockwise direction while positive angles are measured
in the counterlockwise direction. A figure analogous to
Figure 2.6 with a negative angle can be used to show that

sin
(
α
) = − sin

(−α) , (2.26)

cos
(
α
) = cos

(−α) , (2.27)

tan
(
α
) = − tan

(−α) . (2.28)
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Equations (2.26) and (2.28) express the fact that the sine
and the tangent are odd functions. If f (x) is odd function,
then

f (−x) = − f (x) (odd function). (2.29)

The cosine is an even function. If f (x) is an even function,
then

f (−x) = f (x) (even function). (2.30)

Figure 2.6 also shows a negative angle α3. This angle
corresponds to the same triangle, and therefore the same
trigonometric functions as the positive angle α2. Since α3
is equal to −(2π−α2) if the angles are measured in radians,
we can write an identity:

sin (α3) = sin
[− (2π − α2

)] = sin
(
α2 − 2π

) = sin
(
α2
)

(2.31)
with similar equations for the other trigonometric functions.
If an angle is increased by 2π radians (360

◦
), the new angle

corresponds to the same triangle as does the old angle, and
we can write

sin
(
α
) = sin (α + 2π) = sin (α + 4π) = · · · , (2.32)

cos (α) = cos (α + 2π) = cos
(
α + 4π

) = · · · ,
(2.33)

with similar equations for the other trigonometric functions.
The trigonometric functions are periodic functions with
period 2π . That is, if any integral multiple of 2π is added
to the argument, the value of the function is unchanged.

Exercise 2.8. Using a calculator, find the value of the
cosine of 15.5◦ and the value of the cosine of 375.5◦.
Display as many digits as your calculator is able to display.
Check to see if your calculator produces any round-off error
in the last digit. Choose another pair of angles that differ by
360◦ and repeat the calculation. Set your calculator to use
angles measured in radians. Find the value of sin (0.3000).
Find the value of sin (0.3000 + 2π ). See if there is any
round-off error in the last digit.

A useful trigonometric identity is the famous theorem of
Pythagoras.3 Pythagoras drew a figure with three squares
such that one side of each square formed a side of the same
right triangle. He then proved by geometry that the area of
the square on the hypotenuse was equal to the sum of the
areas of the squares on the other two sides. In terms of the
quantities in Figure 2.6

x2 + y2 = r2 . (2.34)

3 Pythagoras (ca. 570 BC-ca. 495 BC) was a Greek philosopher,
mathematician, and founder of a religious sect.

We divide both sides of this equation by r2 and use the
definitions of the sine and cosine to obtain the very useful
identity:

[
sin
(
α
)]2 + [

cos
(
α
)]2 = sin2

(
α
)+ cos2

(
α
) = 1 .

(2.35)

Notice the common notation for a power of a trigonometric
function: the exponent is written after the symbol for
the trigonometric function and before the parentheses
enclosing the argument. Do not use this notation if the
exponent is −1, since this notation is used for the inverse
trigonometric functions, which we discuss later.

Exercise 2.9. Using a calculator and displaying as many
digits as possible, find the values of the sine and cosine of
49.500◦. Square the two values and add the results. See if
there is any round-off error in your calculator.

A Useful Approximation

Comparison of Eqs. (2.15) and (2.24) shows that for a fairly
small angle, the sine of an angle and the measure of the angle
in radians are approximately equal, since the sine differs
from the measure of the angle only by having the opposite
side in place of the arc length, which is approximately the
same size. As the angle is made smaller and smaller, we
can write

lim
α→0

sin
(
α
)

α
= 1

(
α measured in radians

)
. (2.36)

For small angles, we write as an approximation

α ≈ sin
(
α
)
(small values of α), (2.37)

where the angle α must be measured in radians. Since
the adjacent side of a right triangle is nearly equal to the
hypotenuse for small angles, we can also write θ

α ≈ tan (α) ≈ sin (α) (small values of α) . (2.38)

Equations (2.37) and (2.38) are valid for both positive and
negative values of α. If you are satisfied with an accuracy of
about 1%, you can use Eq. (2.38) for angles with magnitude
up to about 0.2 radians (roughly 11◦).

Exercise 2.10. Construct an accurate graph of sin (x) and
tan (x) on the same graph for values of x from 0 to 0.4 rad
and find the maximum value of x for which the two functions
differ by less than 1%.

Exercise 2.11. For an angle that is nearly as large as π/2,
find an approximate equality similar to Eq. (2.38) involving
(π/2)− α, cos (α), and cot (α).
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FIGURE 2.7 The sine of an angle.
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FIGURE 2.8 The cosine of an angle.

General Properties of Trigonometric
Functions

To use trigonometric functions easily, you should have a
clear mental picture of the way in which the sine, cosine,
and tangent depend on their arguments. Figures 2.7, 2.8,
and 2.9 show these functions.

The tangent becomes more positive without bound as
its argument approaches π/2 from the left, and becomes
more negative without bound as its argument approaches
π/2 from the right. We can write

limα→ π
2

+[tan
(
α
)] = −∞, (2.39)

limα→ π
2

−[tan
(
α
)] = ∞. (2.40)

In these equations, the superscript + on the π/2 in the
limit means that the value of α approaches π/2 from the
right. The − superscript in the limit means that α is smaller
than π/2 as it approaches π/2. The symbol ∞ stands for
infinity, which is larger than any number that you or anyone
else can name. Infinity is sometimes called “undefined.”

2.2.7 Inverse Trigonometric Functions

Trigonometric functions define mathematical functions in
an inverse way. For example, if

y = sin (x), (2.41)

—2π 2π 3π 4π—π π α

1
0

2
3

ta
n(

  )α

FIGURE 2.9 The tangent of an angle.

we can define a function to give a value for x as a function
of y. We write

x = arcsin (y) (preferred notation). (2.42)

This can be read as “x is the angle whose sine is y.” The
arcsine function is also called the inverse sine function, and
another notation is also common:

x = sin−1 (y). (2.43)

The −1 superscript indicates an inverse function. It is not
an exponent, even though exponents are written in the same
position. If you need to write the reciprocal of sin(y), you
should write [sin (y)]−1 to avoid confusion. It is probably
better to use the notation of Eq. (2.42) rather than that of
Eq. (2.43). The other inverse trigonometric functions such
as the inverse cosine and inverse tangent are defined in the
same way as the arcsine function.

Since the trigonometric functions are periodic, there are
many angles that have the same value of the sine function.
In order to make the arcsine in Eq. (2.42) or Eq. (2.43) into
a single-valued function, we must restrict the values of x
that we consider. With the arcsine function, these values
are taken from −π/2 to +π/2 and are called the principal
values of the arcsine function. The principal values of the
arctangent and arccosecant functions range from −π/2 to
+π/2, the same as with the arcsine. The principal values of
the arccosine, arccotangent, and arcsecant are taken from
0 to π .
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Exercise 2.12. Sketch graphs of the arcsine function, the
arccosine function, and the arctangent function. Include
only the principal values.

2.2.8 Hyperbolic Trigonometric Functions

These functions are closely related to the exponential
function. The hyperbolic sine of x is denoted by sinh (x),
and defined by

sinh(x) = 1

2
(ex − e−x ). (2.44)

The hyperbolic cosine is denoted by cosh(x), and defined
by

cosh(x) = 1

2

(
ex + e−x) . (2.45)

The hyperbolic trigonometric functions are not periodic.
The other hyperbolic trigonometric functions are the
hyperbolic tangent, denoted by tanh(x); the hyperbolic
cotangent, denoted by coth(x); the hyperbolic secant,
denoted by sech(x); and the hyperbolic cosecant, denoted
by csch(x). These functions are given by the identities

tanh(x) = sinh(x)

cosh(x)
, (2.46)

coth(x) = 1

tanh(x)
, (2.47)

sech(x) = 1

cosh(x)
, (2.48)

csch(x) = 1

sinh(x)
. (2.49)

Figure 2.10 shows the hyperbolic sine and hyperbolic
cosine for values of x from 0 to 3. Note that the values of the
hyperbolic sin and the hyperbolic cosine do not necessarily
lie between −1 and 1 as do the values of the circular sine and
cosine functions and that both functions approach ex/2 for
large values of x. The hyperbolic trigonometric functions
are available in Excel.

Exercise 2.13. Make a graph of tanh(x) and coth(x) on
the same graph for values of x ranging from 0.1 to 3.0.

2.2.9 Significant Digits in Logarithms,
Exponentials, and Trigonometric
Functions

Determining which digits are significant is not so easy
as with these functions as with arithmetic operations.
Rules of thumb can be found,4 but it is best to do the

4 Donald E. Jones, “Significant Digits in Logarithm Antilogarithm
Interconversions,” J. Chem. Educ. 49, 753 (1972).

operation with the smallest and the largest values that the
variable on which you operate can have (incrementing and
decrementing the nominal value). Consider the logarithm
function: For values of the argument less than unity, the
logarithm function is rapidly varying; for large values of
the argument, the logarithm function is slowly varying.
The exponential function has an opposite behavior: For
values of the argument less than unity, the exponential
function is slowly varying; for large values of its argument,
the exponential function is rapidly varying. Determining
the number of significant digits in a calculation with
trigonometric functions also often requires incrementing
and decrementing.

Example 2.6. Calculate the following. Determine the
correct number of significant digits:

(a) ln (56781)

ln (56781.5) = 10.9469658474,

ln (56780.5) = 10.9469482359,

Therefore,
ln (56781) = 10.94695.

In this case, a number with five significant digits had a
logarithm with seven significant digits.

(b) e−9.813.

e−9.8135 = 0.00005470803,

e−9.8125 = 0.00005476277.

When we round off the insignificant digits,

e−9.8125 = 0.000547.

Although the argument of the exponential had four
significant digits, the exponential has only three
significant digits.

Exercise 2.14. Determine the number of significant digits
in sin (95.5◦).

2.3 GENERATING APPROXIMATE GRAPHS

A rough graph that represents a function can help us
to visualize the behavior of the function. The families
of functions that we have listed form a repertoire of
functions that you can use to generate approximate graphs
of functions that are products of other functions. You can
recognize the factors as members of the families and can
figure out what a graph of the product of the factors will
be like from graphs of the factors.The two most important
facts are that if any of the factors vanishes, the product
vanishes and that if either factor diverges (becomes infinite)
the product diverges.
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FIGURE 2.10 The hyperbolic sine and cosine.

Example 2.7. Construct a graph of the function

y = x cos (πx).

Include a graph of each factor in the graph.
This function is a product of the two factors x and

cos(πx). The desired rough graph can be constructed by
inspection of the graphs of the two factors. The factor x
vanishes at the origin and the factor cos(x) vanishes when
x = π

2 ,
3π
2 , and so on. Since the cosine oscillates between

−1 and +1, the product oscillates between x and +x . A
graph showing both factors and their product follows:
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Exercise 2.15. Sketch rough graphs of the following
functions. Verify your graphs using Excel or Mathematica.

(a) e−x/5 sin (x).
(b) sin2 (x) = [

sin (x)
]2.

PROBLEMS

1. The following is a set of data for the vapor pressure of
ethanol taken by a physical chemistry student. Plot these
points by hand on graph paper, with the temperature on
the horizontal axis (the abscissa) and the vapor pressure
on the vertical axis (the ordinate). Decide if there are any
bad data points. Draw a smooth curve nearly through the
points. Use Excel to construct another graph and notice
how much work the spreadsheet saves you.

�

�

�

	

Temperature (◦C) Vapor pressure (torr)

25.00 55.9

30.00 70.0

35.00 97.0

40.00 117.5

45.00 154.1

50.00 190.7

55.00 241.9

2. Using the data from the previous problem, construct a
graph of the natural logarithm of the vapor pressure as
a function of the reciprocal of the Kelvin temperature.
Why might this graph be more useful than the graph in
the previous problem?

3. A reactant in a first-order chemical reaction without
back reaction has a concentration governed by the same
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formula as radioactive decay,[
A
]

t = [
A
]

0 e−kt ,

where
[
A
]

0 is the concentration at time t = 0,
[
A
]

t is the
concentration at time t, and k is a function of temperature
called the rate constant. If k = 0.123 s−1 find the time
required for the concentration to drop to 21.0% of its
initial value.

4. Find the value of the hyperbolic sine, cosine, and tangent
for x = 0 and x = π/2. Compare these values with the
values of the ordinary (circular) trigonometric functions
for the same values of the independent variable.

5. Express the following with the correct number
of significant digits. Use the arguments in
radians:tan (0.600) sin (0.100)

(a) tan(0.600).
(b) sin(0.100).
(c) cosh(12.0).
(d) sinh(10.0).

6. Sketch rough graphs of the following functions. Verify
your graphs using Excel or Mathematica:

(a) x2e−x/2.
(b) 1/x2.
(c)

(
1 − x

)
e−x .

(d) xe−x2
.

7. Tell where each of the following functions is
discontinuous. Specify the type of discontinuity:

(a) tan (x).
(b) csc (x).
(c) |x |.

8. Tell where each of the following functions is
discontinuous. Specify the type of discontinuity:

(a) cot (x).
(b) sec (x).
(c) ln (x − 1).

9. If the two ends of a completely flexible chain (one
that requires no force to bend it) are suspended at the
same height near the surface of the earth, the curve
representing the shape of the chain is called a catenary.
It can be shown5 that the catenary is represented
by

y = a cosh (x/a),

where a = T /gρ and where ρ is the mass per unit
length, g is the acceleration due to gravity, and T is
the tension force on the chain. The variable x is equal
to zero at the center of the chain. Construct a graph
of this function such that the distance between the two
points of support is 10.0 m, the mass per unit length
is 0.500 kg m−1, and the tension force is 100.0 N.

10. For the chain in the previous problem, find the
force necessary so that the center of the chain is
no more than 0.500 m lower than the ends of the
chain.

11. Construct a graph of the two functions: 2 cosh (x) and
ex for values of x from 0 to 3. At what minimum
value of x do the two functions differ by less than
1%?

12. Verify the trigonometric identity

sin (x + y) = sin (x) cos (y)+ cos (x) sin (y)

for the angles x = 1.0000 rad, y = 2.00000 rad. Use
as many digits as your calculator will display and check
for round-off error.

13. Verify the trigonometric identity

cos (2x) = 1 − 2 sin2 (x)

for x = 0.50000 rad. Use as many digits as your
calculator will display and check for round-off error.

5 G.Polya, Mathematical Methods in Science, The Mathematical
Association of America, 1977, pp. 178ff.
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2.4. THE SOLVATION NUMBER 

2.4.1. How Many Water Molecules Are Involved in the Solva
tion of an Ion? 

Mathematically speaking, the electric force originating from an ion 

becomes zero only at infinity. In effect, however, the force fades out to a 

negligible value after quite a short distance (of the order of tens of ang
stroms). Beyond this cutoff distance, solvent molecules may be regarded as 
unaware of an ion's presence. There is therefore a certain effective volume 

around the ion within which its influence operates. How many solvent 
molecules are inside this volume and could therefore be said to be partici-
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TABLE 2.17 

Hydration Number Ascribed to the Sodium Ion in According to Different 
Experimental Methods 

Ion Hydration numbers reported 

Na+ 1, 2, 2.5, 4.5, 6-7, 16.9, 44.5, 71 

pants in the solvation of the ion? This number may be termed the solvation 
numbert (or hydration number when water is the solvent). 

The question of the value of the solvation number is an interesting 
one. It is no surprise, therefore, that a large number of different methods 
have in the past been used to determine the solvation number (more about 
these methods later). But, the alarming thing is that exceedingly discrepant 
results are obtained by the various methods. For instance, widely varying 
hydration numbers ranging from I to 71 (Table 2.17) have been ascribed 
to the sodium ion. Are some of the methods wholly incorrect, or is there a 
confusion as to what constitutes a hydration number? 

The answer can be approached, if not attained precisely, by the 
following considerations. What value of hydration number a particular 
method gives depends on what types of ion-solvent interactions the method 
senses. If it can pick up the interactions of an ion with water molecules 
several molecular diameters away in the secondary region, it will report 
that a large number of water molecules are involved in solvation, i.e., a 
high hydration number. If, however, the method only detects how many 
water molecules an ion takes along in the course of its thermal motions 
through the solution (i.e., those tightly bound to it), then it will report a 
small hydration number. 

To avoid ambiguity, it is best to define a primary solvation number as 
the number of solvent molecules which surrender their own translational 
freedom and remain with the ion when it moves relative to the surrounding 
solvent. Of course, a solvent molecule loses its independent translational 
motions only when it is overwhelmed by the ionic force field into adopting 

t This total effective number of solvent molecules involved in interactions should not 
be confused with the number n used in the structural treatment of the energetics of 
solvation. The latter number was meant to represent the number of solvent molecules 
in contact with the ion and assumed to be aligned in its field. 
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TABLE 2.18 

Hydration Numbers 

Hydration number 
Number of independent methods 

on which result is based 

5 ± 1 

5 ± 1 

4±2 

3 ± 1 

4±1 

1 ± 1 

1 ± 1 

1 ± 1 

5 

5 

4 

4 

3 

3 

3 

2 

a mInImUm-energy orientation to the ion. Thus, the primary solvation 
number can also be defined as the number of solvent molecules which are 
aligned in the force field of the ion. 

This definition provides a criterion for discussing the different methods 
of determining solvation numbers. The primary solvation number should 
be determined by only those methods which register the number of water 
molecules which are associated with the ion in its travels through the 
solution. 

When, however, these methods are used (and they will be presented 
in Section 2.4.5), it turns out (Table 2.18) that the number of water mole
cules determined by some of them are less than what geometry says the 
number of water molecules in contact with the ion should be. This latter 
number is a coordination number, t i.e., the number of nearest-neighbor 
water molecules which are in contact with or coordinate or surround an ion. 
The question, therefore, arises: Why does not all the coordinated water join 
the ion in its zig-zag motions through the solution? In fact, why is the 
solvation number not always equal to the coordination number? Further, 

t In the structural treatment of the heats of solvation, it was tacitly assumed that the 
number n of primary solvent molecules aligned in the ionic field is equal to the coor
dination number. In other words, the structural treatment slurs over the distinction 
between the number that are oriented in the ionic field (i.e., move with the ion) and 
the number in contact with the ion. 
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what happens when coordinating solvent molecules desert their position~ 
in the coordination shell of an ion as soon as it begins its voyage through 
the solvent, say, in response to an electric field? Do the missing solvent 
molecules leave voids in the coordination shell of a moving ion? The 
concept of solvation number will become clear only when such questions 
are answered. 

2.4.2. Static and Dynamic Pictures of the lon-Solvent Molecule 
Interaction 

Suppose that, in a thought experiment, a bare ion is made to stop 
during its movements through the solution. At that instant, the hypo
thetical stationary ion will be surrounded or coordinated by water mole
cules still associated in a network structure (Fig. 2.57). What will happen? 
The ionic force field will operate on the neighboring water dipoles. The 
forces, which are essentially ion-dipole in nature, will cause some of the 
water molecules to break away from the water network and attach them
selves to the ion. 

What is the consideration on the basis of which a particular water 
molecule decides to embrace the ion by aligning into its field or to shun 
it and remain in the water network? The consideration is simple: Is the 
ion-dipole interaction energy greater in magnitude than the hydrogen-bond 
energy keeping the particular water molecule in the network? If the ion
dipole energy is greater in magnitude, the water molecule should link itself 
with the ion and form part of the primary solvation sheath. If not, the 
water molecule should remain in the water network. 

The whole thought experiment described above is a static one. All 
that has been done is to consider the energies in the initial state (a water 

----~ ----~ 
~~~.::-:-:.;;;-:-:-:;:-~-~:"'-:::-::::-':"7 Coordination 

: ~ water 

,~ 

Fig. 2.57. A hypothetical stationary ion coor
dinated by water molecules still associated into 
a network structure. 
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Fig. 2.58. Schematic diagram to show 
that, of four water molecules which coor
dinate an ion, two water molecules, A and 
B must reorient from positions in which one 

of their H atoms faces the ion to positions 
in which the same H atoms are away from 
the ion. (The required reorientation is shown 
by an arrow.) 

molecule in the water network and an ion nearby) and in the final state 
(water bound to the ion by ion-dipole forces). 

But ions can be kept stationary only in thought experiments. In reality, 
they exist in a state of ceaseless motion (see Chapter 4). So time and move
ment must come into the picture of ions interacting with water molecules. 
One must abandon a static view for a dynamic view. 

One can develop a dynamic view along the following lines (Samoilov). 
Consider a water molecule bound by hydrogen bonds to the water network. 
Suppose that, at a time taken as zero (t = 0), an ion suddenly appears next 
to the water molecule. If the net force on the water molecule is in favor of 
its association with the ion rather than with the water network, it will try 
to get into an equilibrium position around the ion, i.e., the water molecule 
will try to align into a minimum-energy orientation. This usually means 
that the water molecule has to reorient (or jump through a small distance 
or both) from the position it had in the water structure to the new positipn 
of alignment in the ionic field (Fig. 2.58). 

But these reorienting or jumping movements to be made by the water 
molecule will require afinite time, the value of which depends on the critical 
activation energy required for the reorientation or jumping process. Let 
this time required for the orientation of a water molecule into the coordin
ation sheath around an ion be <water orient (Fig. 2.59). This orientation time 
will not have a unique value because it will depend on how far the ion is 
situated from and on how the ion is located with respect to the water 
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~ Final position 

\~ Initial position 
, , 

e 
Fig. 2.59. The time required for a water 
molecule in contact with an ion to reorient 
from an initial to a final position (shown in 

figure) is Torient. 

network holding the water molecule. So one is talking about an average 
water-orientation time. 

Now, instead of considering the ion suddenly placed next to the water 
molecule at t = 0, one can visualize the ion resting or waiting near the 
water molecule in between its hops from location to location in the solvent 
(cf Section 4.2). Of course, if a water molecule belonging to the water 
network is to orient toward the ion, it must do so when the ion is within 
a certain small distance of the water molecule. But how long does the ion 
stay within this jumping range? That depends on how long the ion pauses 
next to the water molecule in the course of its jumps through the solvent. 
The longer the ion waits near the water molecule, the longer is the time 
available for the water molecule to break out of the water lattice and swing 
into that intimate ion-dipole relationship with the ion which characterizes 

Fig. 2.60. In the course of its hops through 
the solution, the hopping ion can be con
sidered to spend a time Tion wait in contact 
with the neighboring water molecules. Will 
one of these orient itself into a position of 
minimum interaction energy with the ion 
before the latter has jumped to a new po
sition? 
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a seat in the primary hydration sheath. The hopping ion spends a certain 
time in "contact" with the particular water molecule under discussion. 

Call this contact time Tion wait (Fig. 2.60). 

2.4.3. The Meaning of Hydration Numbers 

Now, an interesting qualitative conclusion becomes clear. If the time 
an ion waits near a water molecule is long compared with the average time 
a water molecule takes to orient into association with an ion, then the 
probability of the water molecule's being captured by the ion is high. That 
is, the probability of an ion's capturing a water molecule depends on the 

ratio Tioll wait /Twater oriellt· 

If Tioll wait/Twater oriellt is large, then the ion will be surrounded by the 
full geometrically permitted complement of bonded water molecules during 
all its zig-zag motions through the solution. Under these circumstances, 
the hydration number (i.e., the number of water molecules which participate 
in the translational motions of the ion) will be equal to the coordination 
number. 

If, however, Tion wait /Twater orient is of the order of unity, then the 
situation is interesting. The time an ion spends in the neighborhood of a 
water molecule is of the order of the water reorientation time, and, hence, 
though the ion is not sure to capture a water molecule, there is a certain 
probability, less than unity. At the same time, one must consider the opposite 
process: An ion with a bound water molecule collides with a water molecule 
belonging to the water network. There will be a certain probability that the 
ion will lose its water to the water network. But there are plenty of water 
molecules all around and the ion has a chance of making up its loss. Thus, 
over a period of time which is long compared with the period of contact 
between a moving ion and a specific water molecule, the ion has aligned 
and trapped in its field a certain number of water molecules which is less 
than the number of water molecules which geometrical close packing makes 
possible, i.e., the coordination number. 

The collisions between ions and water molecules linked to the water 
network are analogous to any other collision process. Consider, for example, 
the collisions between neutrons and U238 nuclei, in which slow neutrons 
stand a better chance of being captured than fast neutrons. One says that 
there is a large capture cross section for slow neutrons. It is as if a slow 
moving neutron sees a bigger target than a fast moving one. 

What happens if the ions wait for so short a time that, even before a 
water molecule has had time to break out of the water structure and turn 
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around, the ion has hopped away? Then, the probability of a water mole
cule's being captured by the ion is zero, and, on a time average, the ion 
will not have any aligned water molecules in contact with it, i.e., its primary 
hydration sheath is empty. This does not mean that such ions are not 
surrounded by interacting solvent molecules or that they would have no 
coordination water. It only means that, because Tion wait/Twater orient ~ I, 
the ion does not wait long enough at any particular site for the contiguous 
water molecules to swing out of the water network into minimum-energy 
orientation with the ion. Even if the ion does capture a water molecule, 
it is bound to lose it soon. It also means that the moving ion exchanges 
water molecules so easily with the surrounding solvent that, in effect, 
the moving ion does not carry its sheath along with it. Its solvation number 
is zero, though its coordination number is that dictated by geometry. 

The picture of solvation numbers presented here is a dynamic one. 
The solvation number refers to the number of water molecules which remain 
aligned with the ion during its jumps through the medium. But it is not 
necessary that the same individual water molecules serve in the solvation 
sheath for an indefinitely long time. A given water molecule may serve the 
ion for some time, but it is not imprisoned for life in its hydration shell. 
A chance collision, and the particular water molecule may link up again 
with the water network, get left behind by the hopping ion, and watch 
another water molecule yield to the attraction of the ionic field and be 
incorporated in the primary solvation sheath. 

2.4.4. Why Is the Concept of Solvation Numbers Useful? 

In all this dynamic exchange of solvent molecules between the coor
dination region and the main bulk of solvent, has the concept of solvation 
number any utility? Yes, the solvation number can be considered the 
effective number of solvent molecules to be "permanently" bound to the 
ion and to follow its motion from site to site. The kinetic entity is not the 
bare ion but the ion plus the solvation number of water molecules. 

The concept of solvation number permits one to suppress the dynamic 
nature of the primary solvation sheath from many modelistic considerations 
of ions in solution. This is important particularly in situations where one 
would overcomplicate an analysis by considering the details of the constant 
exchange of water molecules between the ionic primary hydration shell 
and the solvent. The overall total action of the ion on the water may be 
replaced conceptually by a strong binding between the ion and some effective 
number (the solvation number) of solvent molecules; this effective number 
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may well be almost zero in the case of large ions, e.g., iodide, cesium, and 
tetraalkylammonium. The solvation number clearly diminishes with increase 
of ionic radius because, with increasing ionic radius, the distance to the 
coordinating water molecules increases and, thus, the ionic force field which 
aligns the ion diminishes so that the water molecules have less inclination 
to reorient away from their solvent-structure positions. 

Of course, there may be situations where, quite independent of the 
ratio Tion wait /Twater orient, there are thermodynamic restrictions against the 
association of solvent molecules with the ion, e.g., the ion-solvent molecule 
interaction energy may be less in magnitude than the solvent molecule
solvent molecule energy. In such cases, the solvation number will be zero 
on static considerations alone. 

2.4.5. On the Determination of Solvation Numbers 

All this discussion would be pointless if there were no agreement be
tween the different methods of measuring primary solvation numbers. 
Fortunately, it turns out that there is some degree of agreement between 
the values reported by different methods so long as they are methods 
which determine the primary solvation number (Section 2.4.1), as opposed 
to the vague and asymptotic concept of total solvation number (see Table 
2.19). 

TABLE 2.19 

Comparison between the Hydration Numbers Determined by Different 
Methods 

Ion Compressibility 

Li+ 5-6 
Na+ 6-7 
Mg+ 16 
Ca++ 
Zn++ 
Cd++ 
Fe++ 
Cu++ 
Pb++ 
K+ 6-7 
F- 2 
Cl- 0.1 
Br- 0 
1- 0 

Mobility 

6 
2-4 
14 

7.5-10.5 
10 -12.5 
10 -12.5 
10 -12.5 
10.5-12.5 
4 - 7.5 

0.9 
0.6 
0.2 

Entropy 

5 
4 

13 
10 
12 
11 

12 
12 
8 
3 

5 
3 

2 

Theoretical calc. 

6 
5 

3 
5 
3 
2 
o 
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A detailed discussion of the various methods of determining solvation 
numbers is not intended in this treatment. Nevertheless, it is illustrative 
to present two examples. 

Consider, for example, the compressibility method. The compressibility 
{J is defined by the expression 

{J = __ 1 (~) 
V 8p T 

(2.62) 

If a pure solvent is considered, then its compressibility may be written 
thus 

(2.63) 

Now suppose that an ionic solution is considered. Will its compressibility 
be the same as that of the pure solvent, i.e., {Jsolv? A physical picture of why 
a solvent is compressible will provide a qualitative answer. 

Let water be the solvent. It has been described (see Section 2.3) as 
having quite an open framework structure with many holes in it. When a 
pressure is applied, the water molecules can break out of the tetrahedral 
framework and enter the interstitial spaces; the water molecules become 
packed more closely (Fig. 2.61). Thus, the volume decreases. 

This is not the only way of compressing water. When ions are introduced 
into the water, they are capable of wrenching water molecules out of the 
water framework so as to envelop themselves with solvent sheaths. Because 
the molecules are oriented in the ionic field, the water is more compactly 
packed in the primary solvation shell as compared to the packing if the 

Fig. 2.61. Schematic diagram to show 
that, when an external pressure is applied 
to water, water molecules break out of the 
networks and occupy interstitial spaces. 
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solvated ion 

Fig. 2.62. Schematic diagram to illustrate the principle 
of electrostriction; owing to the ionic field, water mole
cules are more compactly packed in the primary solvation 
sheath than in the field. 

ion were not there (Fig. 2.62). The water has become compressed by the 
introduction of the ion. But what is the origin of the influence of the ion? 
The origin is the electric field of the ion. Thus, electric fields cause com
pression of the material medium upon which they exert their influence; 
this phenomenon is known as electrostriction. 

Since the introduction of ions into a solvent causes the solvent molecules 
in the primary solvent shell to be highly compressed, these water molecules 
may be supposed not to respond to any further pressure which may be 
applied. Thus, the compressibility of an ionic solution is less than that of 
the pure solvent because of the incompressibility of the primary solvation 
sheath. t 

It is easy to calculate the ratio of the compressibility of a solvent {Jsolv 

to that of the solution {Jsoln' Suppose the primary hydration number is 
nh' Then, ni moles of ions are solvated with njnh moles of incompressible 
water. Now, if nw moles of water correspond to a total volume V of solution, 
ninh moles of incompressible water would correspond to a volume VnhnJnw 
of incompressible solution. Defining the symbol y thus 

(2.64) 

t Outside the primary solvent sheath, the water molecules are not oriented to the same 
degree as those inside the primary solvation sheath because the orienting ionic field 
is less. This means that the non primary water molecules are less electrostricted and 
free to respond to pressure. One can, to good approximation, say that the water out
side the primary solvation shell has the same compressibility as the pure solvent. 
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the volume of the incompressible part of the solution is yV. This volume 
must be excluded from the expression for the compressibility of the ionic 
solution. Thus, 

Hence, from (2.64), 

{lsoln = - + [~ (V - YV)]T 

{lsolv = - + [~ V L 
{lsoln = I _ Y 
{lSOlv 

_ nw (1 _ {lsoln) nh-- --
ni {lsolv 

(2.65) 

(2.63) 

(2.66) 

(2.67) 

(2.68) 

This equation can be used to obtain the hydration number by deter
mining the compressibility of the pure solvent and the ionic solution. 
There are several methods available for studying compressibilities. The 
ultrasonic method, for example, depends on the fact that sound travels 
by a compression-rarefaction process, and, thus, the velocity of an ultra
sonic wave can be used to determine the compressibilities of solvent and 
solution, needed for Eq. (2.68) (Fig. 2.63). 

The mobility method of measuring hydration numbers is based on the 
following argument (cf also Section 4.4.8). Suppose an ion is made to 

Ultrasonic wave the 
~velocily of which 
~ depends on compressibility 

_Ionic solut ion 

I 

Ultrosonic source 

Fig. 2.63. The ultrasonic method of determin· 
ing hydration numbers is based on the fact that 
the velocity of the ultrasonic wave depends, by 
the compressibility of the solution, on the extent 
of primary hydration in the ionic solution. 
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drift by the application of an external electric field. The motion of the ion 
is opposed by the viscous resistance of the solution. When a steady-state 
velocity is reached, the electric force is equal to the hydrodynamic viscous 
force (Fig. 2.64). The former is simply ZieOX, where X is the electric field 
(or potential gradient) in the solution applied by two electrodes placed in 
solution (X is often measured in volts per centimeter). The latter is ex
pressed by a famous classical formula of hydrodynamics called Stokes' 
law. This law, which describes the force experienced by a sphere moving 
in a viscous medium, states that 

Viscous force = 6nr1Jv (2.69) 

where r is the radius of the moving ion and 'Y) is the viscosity of the medium. 
Thus, 

or 
ZieOX 

r=--
6nrJV 

(2.70) 

(2.71 ) 

where u( = vjX), i.e., the velocity under unit electric field, is a measurable 
quantity and is often called the electrical mobility of the ion (cf Section 
4.4.3). 

Once the radius r of the solvated ion is obtained from Eq. (2.71), 

Velocity : v 

Electric field X 

electric 
1-----1 force :$i~ 

Primory solvoted iOIl 

Fig. 2.64. The mobility method of determining hydration numbers is 
based on finding out the radius of a primary solvated ion from the fact 
that, when an ion in solution attains a steady-state velocity, the electric 
force Zj e Xo is exactly balanced by opposing viscous force 6nt)rv. 
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one can calculate the hydration number nh by a simple geometric argument 
(see Fig. 2.65) 

(2.72) 

where rcryst is the crystallographic radius of the ion and rH 20 is the radius 
of the water molecule, both of which are known from independent data. 

Both the compressibility and the mobility methods of determining 
primary hydration numbers are based on quite loose approximations. The 
compressibility method assumes that the solvent inside the primary solvation 
sheath is completely incompressible and the water outside has the same 
compressibility as the pure solvent. 

It will be recalled, however, that, in the secondary region (see Fig. 
2.28 and Section 2.3.2) between the primary solvation sheath and the bulk 
water, there is structure breaking and partial alignment of the water mole
cules. Hence, instead of a sharp change of compressibilities at the boundary 
of the primary solvation shell, it is likely that there will be a smooth variation 
in compressibility from the ion out into the bulk solvent. 

The mobility method, on the other hand, ignores the fact that, because 
the secondary region does not have the structure of the bulk solvent, the 
viscosity of the medium constituting the immediate neighborhood of the 
moving primary solvated ion is not the viscosity of the bulk solvent. It 
should be the local viscosity of the region surrounding the primary solvated 
ion. Such local viscosities are uncertain in value. Another approximation 
in the mobility method is that it neglects electrostrictional compression in 
computing the volume occupied by the water molecules in the primary 
hydration sheath (and, in the rudimentary version of the theory given 
here, also free space between water molecules). 

Primary solvation 
sheath 

Tcryst 

Fig. 2.65. The calculation of the hydration 
number from the radius of the primary solv
ated ion. 
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These approximations in the mobility method are offset by one big 
advantage. The method gives directly the hydration number of one ionic 
species, e.g., sodium ions, and not the sum of the hydration numbers of 
positive and negative ions. In the compressibility method, however, one 
only obtains the hydration number of the salt, and thus one has all the 
problems of resolving the value for the salt into the individual ionic values 
that were encountered in getting individual ionic heats of hydration from 
heats of hydration of salts (cf Section 2.2.7). One has to depend on some 
independent (and sometimes somewhat circular) argument, for instance, 
that the relatively large iodide ion should have a hydration number of zero 
wholly to the positive ion. Of course, once one is certain of the hydration 
number of one ion, one can then get out those of other ions by taking the 
appropriate salts. 

There are in all about five experimental methods which yield primary 
hydration numbers. The results show approximate agreement (± I). Each 
method involves some doubts and approximations, and, in some cases, it 
is difficult to estimate with even a tolerance of ±25% what effect the ap
proximations would have on the hydration numbers. Nevertheless, when 
one recalls the wild spread (cf Table 2.17) of the values of hydration num
bers obtained by not distinguishing between methods which determine 
primary and total hydration numbers, it must be accepted that the results 
of Table 2.20 hang together at least very much better than those in which a 
distinction between primary and other types of solvation is neglected. The 
results permit one to conclude the basic correctness of the picture of an ion 
influencing quite a bit of the surrounding solvent but actually succeeding 

TABLE 2.20 

Primary Hydration Numbers 

Ion 
From From From apparent From Most probable 

compressibility entropies molal vol mobility integral value 

Li+ 5-6 5 2.5 3.5-7 5 ± 1 

Na+ 6-7 4 4.8 2.4 4±1 
K+ 6-7 3 1.0 3±2 
F- 2 5 4.3 4 ± 1 

Cl- 0-1 3 0 2 ± 1 

Br- 0 2 2 ± 1 
1- 0 1 1 ± 1 


